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Abstract 

If a is a densely defined sectorial form in a Hilbert space which is 
possibly not closable, then we associate in a natural way a holomor- 
phic semigroup generator with a. This allows us to remove in several 
theorems of semigroup theory the assumption that the form is closed 
or symmetric. Many examples are provided, ranging from complex 
sectorial differential operators, to Dirichlet-to-Neumann operators and 
operators with Robin or Wentzell boundary conditions. 
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1 Introduction 



Form methods are most efficient to solve evolution equations in a Hilbert space H. The 
theory establishes a correspondence between closable sectorial forms and holomorphic semi- 
groups on H which are contractive on a sector (see Kato [Kat j . Tanabe |Tanj and Ma- 
Rockner [MaR] . for example). The aim of this article is to extend the theory in two 
directions and apply the new criteria to differential operators. Our first result shows that 
the condition of closability can be omitted completely. To be more precise, consider a 
sesquilinear form 

a:D{a) x D{a) C 

where D{a) is a dense subspace of a Hilbert space H. The form a is called sectorial if 
there exist a (closed) sector 

Eg = {re'" : r > 0, |a| < 9} 

with 9 G [0, |), and 7 G R, such that a{u) — 7 WuWjj G for all u G -D(a), where 
a{u) = a{u,u). We shall show that there exists an operator A in H such that for all 
x,f E H one has x G -0(^4) and Ax = / if and only if there exist Ui,U2,.-- G D{a) 
such that (Rea('U„))„ is bounded, limn^ooUn = x in H and lim^-s-oo a(M„, f ) = {f,v)H for 
all f G D(a). It is part of the following theorem that / is independent of the sequence 

Ui,U2, . . .. 

Theorem 1.1 (Incomplete case) The operator A is well-defined and —A generates a 
holomorphic Co-semigroup on the interior ofJ^^^g. 

This is a special case of Theorem 13.21 below, but we give a short proof already in 
Section |2l Recall that the form a is called closable if for every Cauchy sequence Ui,U2, ■ ■ ■ 
in D{a) such that lim„_>ootin = in H one has limn^^a{un) = 0. Here D[a) carries the 
natural norm ||M||a = (Rea{u) + (1 — 7) ||f^||/^)^''^. In Theorem 11.11 we do not assume that 
a is closable. Nonetheless, the operator A is well-defined. 

For our second extension of the theory on form methods we consider the complete 
case, where the form a is defined on a Hilbert space V. However, we do not assume that 
V is embedded in H, but merely that there exists a not necessarily injective operator j 
from V into H. This case is actually the ffist we consider in Section HJ It is used for the 
proof of Theorem 11.11 given in Section [2j In Theorem 13.21 we give a common extension of 
both Theorem 11.11 and the main theorem of Section [2l It turns out that many examples 
can be treated by our extended form method and Section H] is devoted to several appli- 
cations. Our most substantial results concern degenerate elliptic differential operators of 
second order with complex measurable coefficients on an open set fl in R*^. If the coeffi- 
cients satisfy merely a sectoriality condition (which can be very degenerate including the 
case where the coefficients are zero on some part of Q), then Theorem 11.11 shows right 
away that the corresponding operator generates a holomorphic Co-semigroup on L2{^1). 
We prove a Davies-Gaffney type estimate which gives us locality properties and in case of 
Neumann boundary conditions and real coefficients, the invariance of the constant func- 
tions. This extends results for positive symmetric forms on R'^ in |ERSZ2j and |ERSZlj . 
We also extend the criteria for closed convex sets due to Ouhabaz |Ouh] to our more gen- 
eral situation and show that the semigroup is submarkovian if the coefficients are real (but 
possibly non-symmetric). As a second application, we present an easy and direct treatment 
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of the Dirichlet-to- Neumann operator on a Lipschitz domain fi. Here it is essential to allow 
non injective j: D{a) H. As a result, we obtain submarkovian semigroups on Lp{dQ). 
Most interesting are Robin boundary conditions which we consider in Subsection 14.31 on an 
open bounded set Q of R"' with the [d — l)-dimensional Hausdorff measure on dQ. Using 
Theorem 11.11 we obtain directly a holomorphic semigroup on L2{fl). Moreover, for every 
element in the domain of the generator there is a unique trace in L2{dfl, a) realising Robin 
boundary conditions. Such boundary conditions on rough domains had been considered 
before by Daners |Dan] and [ArWj . We also give a new simple proof for the existence of 
a trace for such general domains. We use these results on the trace to consider Wentzell 
boundary conditions in Subsection 14.51 These boundary conditions obtained much atten- 
tion recently |FGGRj [Vo Vj . By our approach we may allow degenerate coefficients for 
the elliptic operator and the boundary condition. Our final application in Subsection 14.21 
concerns multiplicative perturbation of the Laplacian. 

Throughout this paper we use the notation and conventions as in [Kat j . Moreover, the 
field is C, except if indicated explicitly. We will only consider univocal operators. 

2 Generation theorems for the complete case 

The first step in the proof of Theorem II. H is the following extension of the 'French' approach 
to closed sectorial forms (see Dautray-Lions [DaLj Chapter XVIIA Example 3, Tanabe 
|Tan] Sections 2.2 and 3.6, and Lions |Lio] ) . It is a generation theorem for forms with a 
complete form domain. It differs from the usual well-known result for closed forms in the 
following point. We do not assume that the form domain is a subspace of the given Hilbert 
space, but that there exists a linear mapping j from the form domain into the Hilbert 
space. Moreover, we do not assume that the mapping is injective. In the injective case, 
and also in the general case by restricting j to the orthogonal complement of its kernel, 
we could reduce our result to the usual case. It seems to us simpler to give a direct proof, 
though, which is adapted from [Tanj . Section 3.6, Application 2, treating the usual case. 

Let V he a. normed space and a:V x V ^ C a sesquilinear form. Then a is continuous 
if and only if there exists a c > such that 

\a{u,v)\ < cIImIIv ||f IIv (1) 

for all u,v & V. Let if be a Hilbert space and j:V ^ H a. bounded linear operator. The 
form a:V X V ^ C is called j-elliptic if there exist G R and /i > such that 

Re a(-u) + w II 11^ > llwlly (2) 

for all u ^ V. The form a is called coercive if ([2]) is valid with u = 0. 

An operator A: D{A) — )■ H with D{A) G H is called sectorial if there are 7 G R, 
called a vertex, and 9 G [0, |), called a semi-angle, such that 

{Ax, x) — 7 ||x||^ G 

for all X G D{A). Moreover, A is called m-sectorial if it is sectorial and XI — A is surjective 
for some A G R with A < 7. Then an operator ^4 on if is m-sectorial if and only if —A 
generates a holomorphic Co-semigroup S, which is quasi-contractive on some sector, i.e. 
there exist 6 G (0, |) and w G R such that ||e~'^^5'z||£(i^) < 1 for all z G Sg- (See |Kat] 
Theorem IX. 1.24 and |Ouh] proof of Theorem 1.58.) 
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The main theorem of this section is as follows. We repeat that in our setting an operator 
is always univocal. 

Theorem 2.1 Let H,V be Hilbert spaces and j:V ^ H a bounded linear operator such 
that j{V) is dense in H. Let a: V" x y — )■ C be a continuous sesquilinear form which is 
j-elliptic. Then one has the following. 

(a) There exists an operator A in H such that for all x, f G H one has x G D{A) and 
Ax = f if and only if 

there exists a u ^ V such that j{u) = x and a{u,v) = {f,j{v))H for all 

veV. 



(b) The operator A of Statement (a) is m-sectorial. 



We call the operator A in Statement (a) of Theorem 12.11 the operator associated with 

In the proof of Theorem 12. II we need two subspaces of V which we need throughout the 
paper. Set 

Dh{cl) = {u E V : there exists a.n f E H such that a{u, v) = {f,j{v))H for all v G V} 
and 

V{a) = {u E V : a{u,v) = for all v G keij}. 
Clearly Dnia) C V{a) and V{a) is closed in V. 

Proof of Theorem 12.11 The proof consists of several steps. 

Step 1 First, we prove that the restriction map j\v(a)'- V{a) — )■ is injective. If m G V{a) 
and j{u) = 0, then a{u) = 0. The j-ellipticity of a then implies that ||M||y = 0. So 
u = and j\via) is injective. 



Step 2 Next we prove Statement (a) If u E V, then it follows from the density of j{V) 
in H that there exists at most one f E H such that a{u, v) = {f,j{v))H for all v E V. But 
jlDnia) is injective. Therefore we can define the operator A by D{A) = j{DH{a)) and 

a{u,v) = {Aj{u),j{v))H for all u E Du^a) and v eV. (3) 

(We emphasize that ([3]) is restricted to m G Dnia) and need not to be valid for all m G 
with j{u) E D{A). An example will be given in Example 13.141 ) 

Step 3 Let c, oj and /i be as in ([1]) and ([2]). Let x E D{A). There exists au E Dh{cl) such 
that x = jiu). Then {{ul + A)x, x) = a{u) + u \\j{u)\\'jj and Re((a;/ + A)x, x) > fj. \\u\\y. 
Therefore 

I lm{{ul + A)x, x)\ = \ Ima(-u)| < c \\u\\y < — Re((a;/ + A)x, x). 

So A is sectorial with vertex — cj. 

Finally, set A = a; + 1. We shall show that the range of XI + A equals H. Define the 
form 6 on "1/ by b{u, v) = a{u, v) + X {j{u),j{v))H- Then b is continuous and coercive. Let 
f E H. The Lax-Milgram theorem implies that there exists a unique u E V such that 
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b{u,v) = {fJ{v))H for all V eV. Then j{u) G D{A) and {XI + A)j{u) = f. Thus A is 
m-sectorial. This proves Theorem 12.11 □ 

Although Theorem 11.11 is a special case of Theorem 13. 2[ a short direct proof can be 
given at this stage. 

Proof of Theorem 11.11 Denote by V the completion of {D{a), \\ ■ \\a). The injection of 
(D(a), II ■ ||a) into H is continuous. Hence there exists a j G CiV, H) such that j{u) = u for 
all u G D{a). Since a is sectorial, there exists a unique continuous extension a: y x V" — )■ C. 
This extension is j-elliptic. Let A be the operator associated with (a, j). If Ui,U2, . . . G 
D{a) with ui,U2, ■ ■ ■ convergent in H and Re a('Ui), Re a(ti2), . . . bounded, then ui,U2, ... is 
bounded in D{a). Therefore it has a weakly convergent subsequence in V. It follows from 
the density of D{a) in V that A equals the operator from Theorem 11.11 In particular, the 
operator is well-defined. Now the result follows from Theorem 12.11 □ 

In the definition of j-elliptic the assumption is that ([2]) is valid for all u & V. For 
a version of the Dirichlet-to-Neumann operator in Subsection 14.41 this condition is too 
strong. One only needs to be valid for all u G V{a) if in addition V = V{a) + ker j (cf. 
Theorem 12. ^(a) ) . 



Corollary 2.2 Let H, V be Hilbert spaces and j:V ^ H a bounded linear operator such 
that j{V) is dense in H. Let a:V x V ^ C be a continuous sesquilin ear form. Suppose 
that there exist u; G R and ^ > such that 

Rea{u)+u\\j{u)\\jj> fi\\ufy (4) 

for all u G V{a). In addition suppose that V = V{a) + ker j . Then one has the following. 

(a) There exists an operator A in H such that for all x, f E H one has x G D{A) and 
Ax = f if and only if 

there exists a u E V such that j{u) = x and a{u,v) = {f,j{v))H for all 
veV. 



(b) The operator A of Statement (a) is m-sectorial. 



Again we call the operator A in Statement (a) of Theorem 12.21 the operator associated 
with (aj). 

Proof of Corollary 12.21 Define the form b by b = a\v{a)xv{a)- Then (&, i|y(a)) satisfies 
the assumptions of Theorem 12.11 Let B be the operator associated with {b,j\v{a))- 

Clearly Dnia) C Dnib). Conversely, if u G Duib), then there is an / G such that 
b{u,v) = {f,j{v))H for all v G V{a). Then a{u,v) = {f,j{v))H for all v G V{a), but also 
for all V G ker j by definition of V{a). Since V = V{a) + ker j by assumption, it follows 
that u G Dh^o). Therefore Du^a) = Duip). But j\DH{a) is injective. Hence the operator 



B satisfies the requirements of Statement (a) Then Statement (b) is obvious. □ 



We return to the situation of Theorem 12.11 If the form a is j-elliptic and if r G C, 
then obviously the operator A + tI is associated with (6, j), where b is the j-elliptic form 

b{u,v) = a{u,v) + T {j{u),j{v))H on V. 

Although it is very convenient that we do not assume that the operator j is injective, 
the second statement in the next proposition shows that without loss of generality one 
might assume that j is injective, by considering a different form. The proposition is a kind 
of uniqueness result. It determines the dependence of the operator on the choice of V. 
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Proposition 2.3 Suppose the form a is j-elliptic and let A be the operator associated with 
{a,j). Then one has the following. 

(a) If U is a closed subspace of V such that Du^a) C U , then A equals the operator 
associated with {a\u^u,j\u). If, in addition, the restriction j\u is injective, then 
U = Dfjia), where the closure is taken in V . 



(b) V{a) = Dh^cl). Moreover, i\v{a) is injective and A equals the operator associated 

with {a\v{a)xV{a),3\v{a))- 

(c) If U is a closed subspace ofV{a) such that j{U) is dense in H and A is the operator 
associated with {a\uxu, j\u) , then U = V{a). 



Proof '(a) . Note that j{U) and j{V{a)) both contain j^Dn^a)) = D{A). Therefore 
j{U) and j{y{a)) are dense in H. Let bi = a\uxu and 62 = a\v(a)xv{a)- Further, let Bi and 
B2 be the operators associated with {bi,j\u) and (fe2,i|v{a))- Then for all u G Dh^o) one 
deduces that {Aj{u),j{y))H = a{u,v) = bi{u,v) for all v E U. Therefore u G Duibi) and 
Bij{u) = Aj{u). So A C Bi. But both —A and —Bi are semigroup generators. Therefore 
Bi = A. Similarly, A = B2. Finally, if j is injective on U, then it follows from the inclusion 
V{a) C U and the uniqueness theorem for closed sectorial forms, |Kat] Theorem VI. 2. 7 
that U = V{a). This proves Statement 



(b) . The injectivity of j\v{a) has been proved in Step 1 of the proof of Theorem 12.11 



Then (b) is a special case of 



Finally, Statement (c) follows from Statement (a) with a replaced by al^/xt/. □ 



It is easy to construct examples with V{a) 7^ V. Therefore the injectivity condition in 
Proposition EI 



IS necessary. 



Corollary 2.4 Assume the notation and conditions of Corollaru \2.2[ Let A be the operator 
associated with {a,j). Then one has the following. 



(a) V{a) = Dh{o). Moreover, j\v{a) is injective and A equals the operator associated 

with {a\v{a)xV{a)J\v{a))- 

(b) Let U be a closed subspace of V{a) such that j{U) is dense in H. Then a\uxu is 
j\u-elliptic. Suppose A is the operator associated with {a\uxU; j\u) ■ Then U = V{a). 

Proof Let b = a\v{a)xv{a)- Then it follows from the proof of Corollary 12.21 that b is 
i|y(a)-elliptic and A is the associated operator. Moreover, Dfjia) = DH{b). Then 

V{b) = {ue V{a) : a{u, v) = for all v G V{a) n ker j} = V{a). 



It follows from Proposition [2 ^ b) applied to {b,j\v{a) ) that 1/(6) = Dnib). Hence V{a) = 
Dnia). Moreover, {j\v{a))\v{b) is injective. Therefore j\v{a) is injective. 

If [/ is a closed subspace of V{a) such that j{U) is dense in H, then a\uxu is j| [/-elliptic. 
Then Statement (b) follows from Proposition I2.^^(c)[ □ 

In Subsection 14.41 we give an example that Proposition 12. ^(a) cannot be extended to 
the setting of Corollary 12. 2[ 

One can decompose a form a in its real and imaginary parts as a = h + ik, where 
h, k: D{a) x D{a) — t- C are symmetric sesquilinear forms. We write 3fJa = h and 3a = k. 

The next theorem gives a connection between the current forms a together with the 
map j and the closed sectorial forms in Kato |Kat] Section VI. 2. 
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Theorem 2.5 Suppose the form a is j-elliptic and let A be the operator associated with 
{a,j). Then the following holds. 

(a) ker j © V{a) = V as vector spaces. 

(b) Let Uc be the form on H defined by 

D{ac) = j(y) and adJ (u) , j (v)) = a{u,v) {u,v G V{a)). 
Then Uc is the unique closed, sectorial form such that A is associated with Uc- 



Proof '(a) . Let a; G R and /i > be as in ([2]). We can assume that u = —1 and the 
form a is coercive. Otherwise we replace a by {u, v) h-> a{u, v) + {u + 1) {j{u), j{v))H- Let 
h = 3fJa and k = 53a be the real and imaginary part of a. Then {u, v) := h{u, v) defines an 
equivalent scalar product on V. So we may assume that = for all u G V. Let 

Vi = ker j and V2 = (kerj)-*-. Moreover, let tti and 7r2 be the projection from V onto Vi 
and V2, respectively. Then h{ui, V2) = for all ui G Vi and V2 G V2. There exists a unique 
operator T G CiV) such that k{u, v) = h(Tu, v) for all u,v E V. Let Tu = 7rioT|y^ G CiVi) 
and T12 = TTi o T|v2 G C(y2, Vi). If (tti,M2) G Vi x V2, then Ui + U2 G if and only if 

= a{ui +U2,vi) = h{{I + iT){ui + U2),Vi) = h{{I + iTii)ui + iTi2U2,Vi) for all Vi G Vi. 
So 

V{a) = {ui + U2 : (mi, -^2) G Vi x V2 and (/ + iTii)ui + 2Ti2'U2 = 0}. 

But T is self-adjoint since h and A; are symmetric. So / + iTu is invertible. Thus for all 
U2 G V2 there exists a ui E Vi such that Ui + U2 E V{a). Consequently, j{V{a)) = j{V2) = 
j{V). This implies that ker j + V{a) = V. That the sum is direct has been proved in 
Step 1 of the proof of Theorem 12. 1[ 



'(b)'. Define on j{V{a)) the scalar product carried over from V{a) by j. Then the 
form is clearly continuous and elliptic, which is the same as sectorial and closed (cf. 
Lemma [3. ip . The operator A is clearly the operator associated with Oc. □ 

We call the form Uc in Theorem 12.51 the classical form associated with {a,j). It equals 
the classical form associated with the m-sectorial form A. The proof of Theorem 12.51 also 
allows to estimate the real part of the classical form of a by the classical form of the real 
part of a as follows. 

Proposition 2.6 Suppose the form a is j-elliptic and let A be the operator associated 
with {a,j). Suppose u < —1 in i^. Let h be the real part of a and he the classical form 
associated with {h,j). Then D{a^ = D{hc). Moreover, there exists a constant C > such 
that Reac(x) < C hc{x) for all x G jiV). 

Proof The first statement is obvious since D{ac) = j{V) = D{hc). We use the notation 
introduced in the proof of Theorem 12. 5[ Moreover, we may assume that the inner product 
on V is given by {u,v) 1— )■ h{u,v). Let u G V{a). Then (/ + zTii)mi + iTi2U2 = 0, where 
Ui = ni{u) and U2 = t!'2{u). So ui = —i{I + iTii)'^Ti2U2. Moreover, j{u) = j{u2) and 
U2 G V{h). So ac{j{u)) = a{u) and hc{j{u)) = hc{j{u2)) = h{u2) = \\u2\\v- Since the 
operator (/ + iTu)~^Ti2 is bounded one estimates 

Reac{j{u)) = Rea(u) = h{u) = ||tti||y + ||'U2||y < C ||'U2||v' = C hc{j{u)) 
where C = \\{I + iTny^Tuf + 1. □ 
The next lemma gives a sufficient condition for the resolvents to be compact. 
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Lemma 2.7 Suppose the form a is j-elliptic and let A be the operator associated with 
{a,j). If j is compact, then {XI + A)~^ is compact for all \ E C with Re A > a;, where u 
is as in 1^. 

Proof By the Lax-Milgram theorem there exists a. B E C{II, V) such that 

{f,j{v))H = a{Bf, v) + X {j{Bf),j{v))H 

for all f e H and v eV. Then B{H) C Dnia) and {A + XI)jiBf) = f for all f e H. 
Therefore {XI + A)~^ = j o B is compact. □ 

Remark 2.8 If B is the operator associated with {a*,j) where a* is the j-elliptic form on 
V given by a*{u,v) = a{v,u), then A* is an extension of B. But both —A* and —B are 
generators of semigroups. Therefore A* is the operator associated with {a*,j). 

In |Ouh] Theorem 2.2 there is a characterization of closed convex subsets which are 
invariant under the semigroup S. For a background of this theorem we refer to the Notes 
for Section 2.1 in |Ouh] . Using the two statements of Theorem [231 the theorem of Ouhabaz 
can be reformulated in the current context. Recall that a sesquilinear form b is called 
accretive if Reb{u) > for all u G D{b). 

Proposition 2.9 Suppose the form a is j-elliptic, let A be the operator associated with 
{a,j) and S the semigroup generated by —A. Moreover, suppose that a is accretive. Let 
C C H be a non-empty closed convex set and P: H ^ C the orthogonal projection. Then 
the following conditions are equivalent. 

(i) StC dC for allt>Q. 

(ii) For all u dV there exists a w dV such that 

Pj{u)=j{w) and Re a(iy, m — ly) > 0. 

(iii) For all u eV there exists a w &V such that 

Pj{u)=j{w) and Re a(u, tt — to) > 0. 

(iv) There exists a dense subset DofV such that for all u E D there exists a w E V such 
that 

Pj{u)=j{w) and Re a(iy, u — to) > 0. 



Proof '(i)^(ii)'. Let u E V. By Theorem 12.51 there exists a m' G V{a) such that 
j{u') = j{u). Then Pj{u') G D{a^ by |Ouhj Theorem 2.2 1)^2). So there exists a 
w G V{a) such that Pj{u') = j{w). Then Rea(w,'u' — w) = Re a^j (w) , j {u') — j{w)) = 
Reac{Pj{u'),j{u')~ Pj{u')) > again by [Ouhj Theorem 2.2 1)^2). But a{w,u-u') = 
since w G V{a) and u — u' E ker j. So Re a{w, u — w) > 0. 



(ii) 


=^ 


(iii) 


(iii) 


— i. 


(i)' 



Trivial, since Re a{u — vu,u — w) > 0. 

Let u G V{a). By assumption there exists a w E V such that Pj{u) = j{w) 
and Rea(M,M — w) >Q. Let w' G V{a) be such that j{w) = j{w'). Then a{u,w — w') = 
since u G V{a) and w — w' G ker j. So Rea{u,u — w') > and Reac{j{u),j{u) — Pj{u)) > 0. 
Then the implication follows from |Ouh] Theorem 2.2 3)^1). 
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(ii) 




(iv) 


(iv) 


— X 


(ii) 



. Since a is continuous there exists a c > such that \a{u, v)\ < c \\u\\v \\v\\v 



for all u,v G V. Let u G V. There exist ui,U2,..- G D such that limM„ = u in V. 
For all n G N there exists by assumption a. Wn & V such that Pj{un) = j{wn) and 
Rea(iy„, u„ — iy„) > 0. Let yU and a; be as in ([2]). Then 

A* \\wn\\v < Rea(w„) + w 

= Rea(w;„,M„) - Rea(u)„,M„ - Wn) + u ||j(^n)||^ 

< Rea(w;„,M„) + u \\i{wn)\\]i 

< C \\Wn\\v \\Un\\v + ^ \\P3{Un)\\]l 

for all G N. Since {u„ : n G N} is bounded in V and {Pj(M„) : n G N} is bounded 
in H by continuity of j and contractivity of P, it follows that the set {wn '■ n G N} is 
bounded in V . So there exist w & V and a subsequence ly^j, • • • of wi,W2, ■ ■ ■ such 
that limfc_j.oo = w weakly in V. Then Imik^co Pjiun^) = limj(w„^) = j{w) weakly in 
H. On the other hand, the continuity of j and P gives lim„_j,oo Pj{un) = Pj{u) strongly 
in H. So Pj{u) = iiw). Since Rea(i(;„,M„ — w„) > one has Rea(w„) < Re 0(1^^1, Wn) for 
all n G N. Moreover, limfc_j.oo Re a(i(;„j., Wn^) = Rea(w,w). In addition, since a is accretive 
and j-elliptic it follows that v 1— )■ (Rea(v) +e 11^(^)111^)^^^ is an equivalent norm associated 
with an inner product on V for all £ > 0. Therefore Rea(t(;) < liminffc_)>oo Rea(t(;„^). So 
Re a{w) < Re a{w, u) and Re a{w, w — w) > as required. □ 



3 Generation theorems in the incomplete case 

In this section we consider forms for which the form domain is not necessarily a Hilbert 
space. First we reformulate the complete case. 

Let a: D{a) x D{a) — t- C be a sesquilinear form, where the domain D{a) of a is a 
complex vector space, the domain of a. Let H he a. Hilbert space and j: D{a) — ?■ H a 
linear map. We say that a is a j-sectorial form if there are 7 G R, called a vertex, and 
9 E [0, |), called a semi-angle, such that 

a{u)-^\\j{u)\\leEe 

for all u G D{a). If a is j-sectorial with vertex 7, then we define the semi-inner product 
( ■, ■ )a in the space D{a) by 

{u,v)a = {^a){u,v) + (1 - 7) ijiu)J{v))H. 

Again we do not include the 7 in the notation. Then the associated seminorm || ■ ||a is a 
norm if and only if Re a{u) = j{u) = implies u = for all u E D{a). A j-sectorial form a 
is called closed if || ■ ||a is a norm and (-D(a), || ■ ||a) is a Hilbert space. This term coincides 
with the term for closed forms in |Kat] Section VI. 1.3 if j is an inclusion map. 
The alluded reformulation is as follows. 

Lemma 3.1 Let V he a vector space, a:V ^ C a sesquilinear form, H a Hilbert space 
and j:V H a linear map. Then the following are equivalent. 
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(i) The form a is j-sectorial and closed. 

(ii) There exists a norm \\-\\v onV such that V is a Banach space, the map j is bounded 
from (y, II ■ II y) into H , the form a is j -elliptic and a is continuous. 



Moreover, if Condition (ii) is valid, then the norms || ■ ||a o-nd || ■ ||v are equivalent. 



Proof The easy proof is left to the reader. □ 

In this section we drop the assumption that (-D(a), || ■ ||a) is complete. So if is a Hilbert 
space, a: D{a) x D{a) — C is a sesquilinear form, j: D{a) — )■ if is a linear map and we 
assume that a is merely j-sectorial and j{D[a)) is dense in H. We will again associate a 
sectorially bounded holomorphic semigroup generator with {a,j). The next theorem is an 
extension of both Theorem 11.11 and Theorem 12.11 

In a natural way one can define the notion of Cauchy sequence in a semi-normed vector 
space. 

Theorem 3.2 Let a be a sesquilinear form, H a Hilbert space and j: D{a) H a linear 
map. Assume that a is j-sectorial and j{D{a)) is dense in H. Then one has the following. 

(a) There exists an operator A in H such that for all x, f E H one has x G D{A) and 
Ax = f if and only if there exist Ui,U2, ■ ■ ■ G D{a) such that 

(I) lim„^ooi(wn) = X weakly in H, 

(II) sup„gN Re a('U„) < oo, and, 

(III) lim„^oo a{un, v) = (/, j{v))H for all v E D{a) . 



(b) The operator A of Statement (a) is m-sectorial. 

(c) Let x,fEH. Then x G D{A) and Ax = f if and only if there exists a Cauchy 
sequence Ui, U2, ■ ■ ■ in D{a) such that lim„_i.oo jX^n) = x in H and lim„_j.oo CL^Un, v) = 
ifJiv))H for all V G D{a). 

If Vo is a vector space with a semi-inner product, then there exist a Hilbert space V and 
an isometric map q:Vo V such that g(Vo) is dense in V. Then V and q are unique, up to 
unitary equivalence. We call (V, q) the completion of Vq. If also Vq is a vector space with 
a semi-inner product and {V , q') is its completion, then for every linear map Tq: Vq — )■ Vq 
and c > such that ||row||vj; < c ||M||yo for all u E Vq, there exists a unique T E C(y, V) 
such that q' oTq = T o q. Then ||T|| < c. We call T the continuous extension of To to V. 

Proof of Theorem 13.21 Let {V,q) be the completion of D[a). Since IIjX'u)!/^- < \\u\\a 
for all u E D{a) the continuous extension j E C{V,H) of j is a contraction. Note that 
j o q = j and j{V) is dense in H. Next, since 

\a{u,v) - 7 {j{u),j{v))H\ < (1 + tan 6') ||M||a ||^^||a 

for all u,v E D{a), where 6 is the semi-angle of a and we used the estimate (1.15) of 
Subsection VI. 1.2 in [Kat j . there exists a unique continuous sesquihnear form a:VxV^C 
such that a{q{u), q{v)) = a{u, v) for all u,v E D{a). Then a is j-sectorial with vertex 7 and 
semi-angle 6. Moreover, a is j-elliptic. Now let A be the operator associated with {a,j). 
Let X, f E H. We next show that the statements 
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(i) X e D{A) and Ax = f, 

(ii) there exists a Cauchy sequence Ui,U2, ... in (-D(a), || • \\a) such that hmj(ix„) = x 
and linin^oo ci{un,v) = {f,j{v))H for all v G -D(a), and 

(iii) there exists a bounded sequence Ui,U2, ... in (-D(a), || ■ such that limj(M„) = x 
weakly in H and lim„^oo ci{un, v) = {f,j{v))H for all v e D{a) 

are equivalent. 

i) . It follows from the definition ([3]) that there exists aii & V such that j{u) = x 



and a{u,v) = {f,j{v))H for all v G V. Then there exist Ui,U2,... G D(a) such that 
limg(u„) = -u in y. Hence Ui, tt2, • • ■ is a Cauchy sequence in (-D(a), || ■ Moreover, 

{fJii^))H = ifJiqiv)))H = a{u,qiv)) = \ima{q{un),qiv)) = \ima{un,v) 

for all V E D{a) and limj(w„) = limj(g(ii„)) = = x in H. 



(ii) 


=^ 


(iii) 


(iii) 


— i. 


(i) 



Trivial. 

Since 5(^2), . . . is a bounded sequence in Vq the weak limit u - 

lim exists in V after passing to a subsequence, if necessary. Then j{u) = lim 
limj{un) = X weakly in H. Moreover, 



a{u,q{v)) = lima{q{un),q{v)) = lima(u„,t;) = {f,j{v))H = {f,j{q{v))) 



H 



for all V G D{a). Since q{D{a)) is dense in V one deduces that a{u,v) = {f,j{v))H for all 
V E V. So X G D{A) and Ax = / as required. 



We have proved the existence of the operator A in Statement (a) of the theorem 



together with the characterization (c) Now Statement (b) follows from Theorem 12.11 □ 



We call the operator A in Statement (a) of Theorem 13.21 the operator associated 



with {a,j). Note that this is the same operator as in Theorem 12.11 if D{a) was provided 
with a Hilbert space structure such that j is continuous, a is continuous and a is j-elliptic. 

In the proof of Theorem 13.21 we also proved the following fact. 

Proposition 3.3 Let a be a sesquilinear form, H a Hilbert space and j: D{a) H a linear 
map. Assume that a is j-sectorial and j{D{a)) is dense in H. Let {V, q) be the completion 
of D{a). Then there exists a unique continuous sesquilinear form a:V x V ^ C such 
that a{q{u) , q{v)) = a{u,v) for all u,v E D{a). Moreover, a is j-elliptic, where j is the 
continuous extension of j to V and the operator associated with {a,j) equals the operator 
associated with {d,j). 

Remark 3.4 Let a be a sesquilinear form, H a Hilbert space and j: D{a) H a. linear 
map. Suppose that a is j-sectorial. Let D be core for a, i.e. a dense subspace of D{a). Then 
j{D) is dense in H and the operator associated with (a, j) equals the operator associated 



with {alDxD, JId)- This follows immediately from Theorem [33 \c 



Remark 3.5 Let a be a sesquilinear form, H a Hilbert space and j: D{a) H a linear 
map. Assume that a is j-sectorial and j{D{a)) is dense in H. Then a* is j-sectorial. 
Moreover, if B is the operator associated with {a*,j) and A is the operator associated 
with {a,j), then B = A*. Indeed, using the notation as in the proof of Theorem 13.21 it 
follows that A is the operator associated with (a,j). Moreover, {u,v)a'> = {u,v)a for all 
u,v E D{a) = D{a*). Therefore {V,q) is also the completion of D{a*). Then a* = (a)*. 
By construction the operator B is the operator associated with {a*,j) = {{a)*,j). Hence 
B = A* hj Remark 12.81 In particular, if a is symmetric, then A is self-adjoint. 



10 



Remark 3.6 It follows from the construction that the operator XI + A is invertible for all 
A > (—7) V if A is the operator associated with a j-sectorial form a with vertex 7. 

The next theorem is of the nature of [Katj Theorem VIII.3.6. If Fi, F2, . . . are subsets 
of a set F, then define liminf^^oo K = [jn=i HkLn ^k- 

Theorem 3.7 Let a he a sesquilinear form, H a Hilbert space and j: D{a) H a linear 
map. Assume that a is j-sectorial with vertex 7. For all n & N let an be a sesquilinear 
form with D{an) C D{a). Suppose that there exist 9 e [0, |) and for all n E N a & ^ 
such that 

an{u) - a{u) - 'jn\\j{u)\\H eT^e (5) 

for all u G -D(a„). Assume that lim„_j,oo 7n = 0. Moreover, suppose that there exists a core 
D for a such that D C liminf„_j,oo D{an) and lim„_>.oo fln(w) = a{u) for all u E D. Finally, 
suppose that j{D{an)) is dense in H for all n e N. Let A he the operator associated with 
{a,j) and for all n E N let An be the operator associated with {an, j\D{a„)) ■ Fix X > (— 7)V0. 
Then 

hm iXI + An)-'f = iXI + A)-'f 

n— >oo 

for all f e H. 

Proof Without loss of generality we may assume that 7 = and 7„ < 1 for all n G N. 
Then a„ is j-sectorial with vertex 7„ and D{an) has the norm = Rea„(M) + (1 — 

In) We use the construction as in the proof of Theorem 13.21 For the form a we 

construct V, q, j, a and for the form a„ we construct Vn, qn, jn, fln- 

Let n G N. It follows from ([5]) that < \\u\\l^ for all u G D{an). Let $„ be 

the continuous extension of the inclusion map D{an) C D{a). So G CiVn^V) and 
^n°qn = q- ^Then jn{qn{u)) = j{u) = j{q{u)) = j{^niqn{u))) for all u G D{an) and by 
density jn = j ° $n- Define the sectorial form 6„: D{an) x D{an) — ?■ C by 

bn{u,v) = an{u,v) - a{u,v) - 7„ {j{u),j{v))H. 

Then < ||ii||a„) so there exists a unique continuous accretive sectorial form 6„: Vn x 

Vn ^ C such that hn{qn{u) , qniy)) = hn{u,v) for all u,v E D{an). Then 

an{u,v) = a($„('u), $„(i;)) + bn{u,v) + 7„ Un{u), jn{v))H (6) 

first for all u,v E qn{D{an)) and then by density for all u,v E Vn- 

In order not to duplicate too much of the proof for the current theorem for the proof 
of Theorem 13.81 we first prove a little bit more. Let /, /i, /2, • ■ • G H and suppose that 
lim/„ = / weakly in H. For all n G N there exists a unique Un G Dnian) such that 
3n{un) = {XI + An)~^fn- Set Un = G V. Then j{un) = jniun)- Wc shall show that 

there exists a subsequence {un^) of and a m G Dnia) such that lim Un^. = u weakly in 
V and j{u) = {XI + A)-^f. 

Since Un G Duijin) and Xjniun) + Anjniun) = fn it follows from ([3]) that 

>^{jniUn),jniv))H + aniUn,v) = {fn,jn{v))H (7) 

for all f G Ki. Taking f = £t„ in ([7]) and using we obtain 

{X + 'jn)\\jniun)\\H + Rea{un) +Re6„({t„) = Re(/„, j„({t„))/^ (8) 

< \\fn\\H \\jn{Un)\\H < | WJuMWh + f 
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Since | + 7n > for large n this implies that the set {j{un) '■ n G N} = {jn{un) '■ n G N} 
is bounded in H, and that the two sets {Rea(M„) : n G N} and {Re6„('U„) : n G N} are 
bounded. In particular the sequence ui,U2, ■ ■ ■ is bounded in V. Passing to a subsequence, 
if necessary, it follows that there exists a u ^ V such that \imun = u weakly in V. Then 
lim j(w„) = j{u) weakly in H. 

Let G N. Then fe„ is j„-sectorial with vertex and semi-angle 6. Therefore 

\bn{un,v)\ < (1 + tan6')f Re6„('u„)j ( Refo„(t;)j 

for all V G V^. Now let v E D. Then lim„_j.oo Re 6ri(t') = by assumption. Hence 
lim„_^oo bn{un, <iniv)) = 0. It foUows from and ([7j) that 

A + + &„(W„,?„(V)) +7„(j(Wn),j(^))/^ = (/no J (^) • 

Taking the limit n — )■ oo gives 

A (jH, + = (/, jM)// (9) 

for all V E D. Since D is a core for a one deduces that ^ is valid for all v G -D(a) and 
then again by density one establishes that 

A (j{u) , j{v))h + ~a{u, v) = if, j{v))h (10) 

for all V E V. Thus u G Dnia), and by definition of A it follows that j{u) = {XI + A)~^f. 

Now we prove the theorem. Let f E H and apply the above with fn = f for all n G N. 
In order to deduce that limj{un) = j{u) strongly in H, by Proposition 3.6 in [HiLj it 
suffices to show that limsup ||j(un)||f/ < l|j(^)l|i/- 

Substituting f = in (fTOl) gives 

Xijiu),j{Un))H + aiu,Un) = {f,j{,Un))H 

for all n G N. Hence by ([8]) one deduces that 

M\3{un)\\H < A||j„(u„)||^ + Re6„(u„) 

= Re ({fd{un))H - a{un)^ - 7„ \\j{u 



n) \\H 



Re(X{j{u),j{un))H + a{u,Un) -~a{un)) -Jn\\j{u. 



for all n G N. But Rea(w) < liminf Rea(w„) by [Kat] . Lemma VIII. 3. 14a. Therefore 
limsup A IliX^n)!!!^ < Re A ||i('u)|||^' = A ||j(tt)||f/ and the strong convergence follows. 

We have shown that there exists a subsequence ni, n2, . . . of the sequence 1,2,... such 
that limfc^oo(A/ + A^^.)"^/ = (A/ + A)~^f. But this implies that 

hm (A/ + A„)-V = (A/ + A)-V 

n— >oo 

and the proof of the theorem is complete. □ 
For compact maps one obtains a stronger convergence in Theorem 13.71 
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Theorem 3.8 Assume the notation and conditions of Theorem 13 .71 Suppose in addition 
that the map j: D{a) H is compact. Then 



lim \\{XI + An)-^ - {XI + A)-^ = 

n— >oo 

for all A > (-7) V 0. 

Proof Suppose not. Then there exist e > 0, ni, n2, . . . G N and /i, /2, . . . G such that 
Uk < rik+i, WfkWH < 1 and ||(A/ + A„J~7fc - (A/ + A)-^fk\\ > e for all /c G N. Passing 
to a subsequence, if necessary, there exists a.n f E H such that limfc_^oo fn^ = f weakly 
in H. For all /c G N there exists a -Ufc G DH^a^J such that juki^k) = (A/ + An^.)'^fk. 
Let Uk = $nfc('Sfc), where we use the notation as in the proof of Theorem 13 .71 Then it 
follows from the first part of the proof of Theorem 13.71 that there exists a w G Dnia) 
such that, after passing to a subsequence if necessary, limfc^oo Uk = u weakly in V and 
j{u) = {XI + A)~^f. Since j is compact, the map j is compact. Therefore 

lim {XI + A^J-Vfc = lim = j{u) = {XI + A)-'f 

k—^oo 

strongly in H. Moreover, \imk^oo{XI + A)~^fk = {XI + A)~^f by Lemma 12.71 So 
limfc_^oo II (A/ + An^)~^fk — {XI + A)~^fk\\ = 0. This is a contradiction. □ 

If a is symmetric and j is the identity map, then Theorem 13.71 is a generalization of 
Corollary 3.9 in [ERSj . which followed from [Kat] Theorem VIII.3.11. Note that |Kat] 



Theorem VIII.3.11 is a special case of Theorem 13. 7[ The point in the following corollary is 
that the form a is merely j-sectorial, but not necessarily j-elliptic. It allows one to describe 
the associated operator also by a limit of suitable perturbations. This also underlines that 
the associated operator as we define it is the natural object. 

Corollary 3.9 Let V, H be Hilbert spaces and j G C{V, H) with j{V) dense in H. Let 
a:V X V ^ C be a continuous j -sectorial form with vertex 7. Let b:V x V C be a 
j-elliptic continuous form. Suppose that there exists a 9 E [0, |) such that b{u) G for 
all u eV . For all n ElSi define a„ = a + ^ 6. Then a„ is j-elliptic. Let An be the operat 
associated with {an,j) and A the operator associated with {a,j). Then 



or 



\im{XI + An)-'f = {XI + A)-'f 

n— )-oo 

for all X > (-7) VO and f e H. 

We next consider the classical form associated with the m-sectorial operator A. 

Proposition 3.10 Let a be a sesquilinear form, H a Hilbert space and j: D{a) H a 
linear map. Suppose the form a is j-sectorial and j{D{a)) is dense in H . Let A be the 
operator associated with {a,j). Then one has the following. 

(a) There exists a unique closable sectorial form ar with form domain j{D {a)) such that 
A is associated with a^. 

(b) D{a^) = {x E H : there exists a bounded sequence ui,U2, . . . in D{a) such that x = 
lim„_, j{u„) in H}. 
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There exists a c > such that \\j{u)\\a^ < c\\u\\a for all u E D{a). In particular, if 
D is a core for a, then j{D) is a core for a^. 



(d) Let h he the real part of a and let he defined similarly as in Statement (a) , Then 
D{a;) = D(hr). 



Proof '(a) . We use the notation as in the proof of Theorem 13.21 Let b be the closed 
sectorial form associated with A, i.e. the classical form associated with (a,j) given in 
Theorem IZ^b)] So D{h) = j{V) = j{V{h)) and bCjiu),j{v)) = a{u,v) for all u,v E 



V{a). Then j{D{a)) = j{q{D{a))) C j{V) = D{h). We show that j{D{a)) is a core 
for h. Let x G D{h). There exists a unique u G V{a) such that j{u) = x. There exist 
Ui,U2,... G D{a) such that limg(M„) = u in V. Let be the projection of V onto 
V{a) along the decomposition V = kei j © V{a). Clearly 7r2(tt) = u. In addition, tt2 is 
continuous and j(M„) = j{q{un)) = j {,'^2{Q{un))) for all n G N. Therefore \\x — j{Un)\\D(b) = 
||7r2(w) — '^2{(l{un))\\v{a) < IK2II " Q'('f^n)||y ^OY all 77. G N, from which one deduces 
that limj{un) = a; in D{b). We have shown that j{D{a)) is a core for b. Let = 
b\j{D{a))xj{Dia))- Then b = 0^. This proves existence of a^. The uniqueness is obvious from 
jKat] Theorem VI. 2. 7. 



(b) '. 'c'. Let X G D{ar) = D{b). Let Ui, U2, ■ ■ ■ E D{a) and u E V{a) be as in the proof 



of Statement (a) Then limj(ix„) = x in D{b), therefore also in H. Moreover, \imq{u„,) = u 
in V. So the sequence q{ui) , q{u2) , ■ ■ ■ is bounded in V. But ||w„||a = [^(^n)!!^ for all 
n G N. Thus the sequence ui,U2, ■ ■ ■ satisfies the requirements. 

'D'. Let Ml, ii2, • • • be a bounded sequence in D{a), x E H and suppose that lim j(u„) = 
X in H. Then q{ui), q{u2), ... is a bounded sequence in V. So passing to a subsequence if 
necessary, there exists avEV such that limg(u„) = v weakly in V. Then j{v) = \imj{un) 
weakly in H. Hence x = j{y) E jiV) = D(a^). 



'(d) . The construction in the proof of Theorem 13.21 with h instead of a leads to the 
same closed space W, then the same normed space Vq and the same Banach space V. Let 
h:V X V ^ C he the unique continuous form on V such that h{q{u) , q{v)) = h{u,v) for 
all u,v E V. Then h = 3fta, the real part of a. Let he be the classical form associated 



with {h,j). Then he = hr and b = ar hy part (a). Then Statement (d) follows from 
Proposition | 



Again by Proposition 12.61 there exists a c > 1 such that Re6(x) < chc{x) for all 
X E j{V). But hc(j{u)) < h{u) = Rea{u) for all u eV. So < c\\u\\a for all u eV. 

Then ||j(M)||ar ^ = c||i<||a for all u E D{a). The last assertion in Statement 



is an immediate consequence. □ 
We call ar the regular part and the relaxed form of the j-sectorial form a. If 



-D(a) C H and j is the identity map, then it follows from the proof of Proposition 13 . 1 C Ta 



that ar{x) = a{TC2{x)) for all x E D(a), with the notation introduced there. So if in 
addition a is symmetric and positive, i.e. if the numerical range {a{u) : u E D{a)} 
is contained in [0,oo), then this terminology coincides with the one employed by Simon 
|Sim2] . Section 2. Under these assumptions Simon characterized the regular part of a 
as the largest closable form lying below a for the order relation bi < 62 if and only if 
^(62) C D{bi) and 61 (m) < b2{u) for all u E D{b2). Of course, such an order relation does 
not exist for sectorial forms. It seems to us, though, that the direct formula in Theorem ll.il 
expressing the generator directly in terms of the form a, is frequently more useful than the 
computation of a^. For positive a Simon proved Proposition 13. lC(i(b) in [Simlj . Theorem 3. 
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Note that for general a (but still j the inclusion), the form a is closable if and only if ar 
coincides with a on D{a). 

Let a be a densely defined sectorial form and A its associated operator, as above. If 
the form a is symmetric, then the associated operator A is self-adjoint. But the converse 
is not true if the form a is not closable. In order to see this, it suffices to consider the form 
(1 + i)a where a is the form as in Example 13. 141 below. 

For general j-sectorial forms we also consider invariance of closed convex subsets. 

Proposition 3.11 Let a be a sesquilin ear form, H a Hilbert space and j: D{a) H a 
linear map. Suppose the form a is accretive, j-sectorial and j{D{a)) is dense in H . Let A 
he the operator associated with {a,j) and S the semigroup generated by —A. Let C d H he 
a non-empty closed convex set and P: H ^ C the orthogonal projection. Then the following 
are equivalent. 

(i) StC C C for all t > 0. 

(ii) For all u G D{a) there exists a Cauchy sequence Wi, VU2, . . . in {D{a), || ■ \\a) such that 
\imn-^oo j (wn) = Pj{u) in H and lim„^oo Re a(i(;„, n — Wn) > 0. 

(iii) For all u G D{a) there exists a hounded sequence wi,W2, . . . in {D{a), \\ ■ \\a) such that 
lim„_j.oo jXw^n) = Pj{u) in H and limsup„_^oj3 Rea{wn, u — Wn) > 0. 



Proof We use the notation as in the proof of Theorem l3.2[ Clearly the form a is accretive 
by continuity and density of Vq. We shall prove the equivalence with Condition 
Proposition 12.91 for D = Vq = q{D{a)), a and j. 



IV 



m 



Let u E D{a). By Proposition l2.S(FI)] =^(iv) there exists a. w E V such 



that j{w) = Pj{u) and Red{vu, q{u) — w) > 0. There are wi,W2, . . . G D{a) such that 
\imq{wn) = w in V. Then the sequence Wi, W2, ■ ■ ■ satisfies the requirements. 
Trivial. 

Let u G D{a). By assumption there exists a bounded sequence Wi,W2, ■ . ■ 



m 



m 



in (D(a), II ■ ||a) such that \im j{wn) = Pj{u) in H and lirasnp^^^ a{wn,u — Wn) > 
0. Then q{wi) , q{w2) , . . . is a bounded sequence in V, so passing to a subsequence if 
necessary, it follows that it is weakly convergent. Let w = lim„_j.oo q{wn) weakly in 
V. Then j{w) = \im j{wn) weakly in H, so j{w) = Pj{u) = Pj{q{u)). Moreover, 
a{w,q{u)) = limd{q{wn),q{u)) and Red{w,w) = 3?a(w) < liminf 3fta(q'(m„)) by |Katj 
Lemma VIII. 3. 14a. So Red{w,q{u) — w) > limsup^^^Rea{wn,u — Wn) > 0. Then Con- 
dition (i) follows from Proposition I2.1j|(iv)m (i)[ □ 



Remark 3.12 Clearly Condition |(ii)| in Proposition 13.111 is valid if for all u G D(a) there 
exists a G D{a) such that j{w) = Pj{u) and Rea(w, u — w) > 0. 

Proposition 13 . 1 II has several consequences which will be useful for differential operators 
in the next section. If {X,B,m) is a measure space and a is a sesquilinear form in L2{X), 
then we call a real if Rett G D{a) and a{Reu) G R for all u G D{a). 

Corollary 3.13 Let {X,B,m) he a measure space and a a densely defined sectorial form 
in L2{X). Let A he the operator associated with a as in Theorem 11.11 and let S he the 
semigroup generated hy the operator —A. 

(a) If a is real, then StL2{X, R) C L2{X, R) for all t > 0. 
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(b) If a is real, u'^ G D{a) and a{u~^,u ) < for all u G D{a) fl L2(X, R), then S is 
positive. In particular, \Stu\ < St\u\ for all t > and u G L2{X). 

(c) // a is accretive, real, u A 1 G D{a) and a{u Al,{u — 1)+) > for all u G D{a) fl 
L2(X, R), then S is submarkovian, i.e., \\Stu\\oo < ll'^^lloo for all u G L2{X) fl 
Loo(X) and t > 0. 

(d) // a is accretive, real, u A 1 G D{a) and a((tt — 1)+, u Al) > for all u G D{a) fl 
L2(X, R), i/ien llStuHi < for all u G Li{X) n L2(X). 



Proof ' (a) Replacing a by (w, ^j) a(-u, v) +7 (m, f ) we may assume that a is accretive. 
Let u G D{a). Set w = Rew. Then G -D(a) and Re a(?/;, m — to) = Re a(Re w, z Imti) = 
Ima(Rew,ImM) = 0. So by Proposition 13.111 the set L2(X, R) is invariant under S. (See 
also Remark 13.121 ) 



'(b) . Again we may assume that a is accretive. Let C = {tt G L2{X, R) : m > 0}. Then 
C is closed and convex. Let P be the orthogonal projection of L2{X) onto C. Let u G D{a). 
Then Pu = (ReM)+ G L>(a). Moreover, Rea{Pu,u- Pu) = Re a((Re ti)+, -(Re u)" + 
zlm-u) = —a((Re ?/)"•", (Re«)^) > 0. So by Proposition 13. 1 1 1 the set C is invariant under 5". 



(c) '. Let C = {it G L2(X, R) : u < 1}. Then C is closed and convex in L2{X). The 
orthogonal projection P: L2{X) — )■ C is given by Pu = (Re u) A 1. It follows by assumption 
and Proposition 13.111 that the set C is invariant under S. Hence S is submarkovian. 



(d) '. This follows by duality from Statement (c) and Remark 13.51 □ 



We end this section with an example which shows that in general ([3]) is restricted to 
u G Dnia). 

Example 3.14 Let H = L2(0, 1), D{a) = C[0, 1] and 

00 

a{u, v) = ^ 2~" u{qn) f (g„) 

n=l 

where {g„ : n G N} = [0, 1] fl Q with Qn 7^ Qm for all n, m G N with n ^ m. Moreover, let 
j be the inclusion map. Then it is not hard to characterize the completion of D[a) and to 
show that the operator A associated with a is the zero operator. □ 



4 Applications 

We illustrate the theorems of the previous sections by several examples. 
4.1 Sectorial differential operators 

First we consider differential operators on open sets in R'^. We emphasize that the operators 
do not have to be symmetric and may have complex coefficients. The next lemma, whose 
proof is trivial, provides an efficient way to construct sectorial operators. 

Lemma 4.1 Let Q C R'^ be open. For all i,j G {1, . . . ,d} let Uij G Li^ioc(f^). Let D{a) 
be a subspace of L2{Q) with C^{Q) C D{a). Assume that diU G Li^ioc(^^) as a distribution 
and 

I \{diu) Oij djv\ < 00 
Jn 
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for all u,v E D{a) and i, j G {1, . . . ,d}. Define the form a: D{a) x D{a) C by 

d „ 

a('U,f) = 2, / (diu) aij djV. 

Let 9 G [0, |) and assume that X]f j=i '^jj(^) 6 ^ /^"^ <ill G and a.e. x G T/ien 
the form a is sectorial with vertex and semi-angle 9. 

We call an operator A associated with a form a which satisfies the assumptions of 
Lemma 14.11 a sectorial differential operator and a a sectorial differential form. 

Then —A generates a holomorphic semigroup. 

The assumptions on the domain D{a) and the coefficients Oij are very general. For 
example one can choose D{a) = C^{Q) together with the condition atj G Li ioc(f^), or 
alternatively if a^j G Loo(fi) one can choose for D{a) any subspace of H^{Q) with C^{Q) C 
D{a). 

In order to avoid too many cases we will not consider unbounded coefficients in this 
paper. Let Q C R*^ be open. For all i,j G {1, . . . ,d} let Oij G Loo{^)- Define the form 
a: D{a) x D{a) — C by 



a{u,v) = J2 



(diu) Uij djV, 

n 



where D{a) is a subspace of H^{fl) with C^{Q) C D{a). 

We call (aij) strongly elliptic if there exists a > such that Re Yl'ij=i '^iji^) 6 ^ 
l^p for all ^ G and a.e. x E Q. Clearly if (ay) is strongly elliptic, then there exists a 
9 G [0, |) such that J2ij=i (^iji^) ^ for all ^ G and a.e. x G fi. We then also say 
that the form a and associated operator are strongly elliptic. 

Let 9 G [0, |) and suppose that ^^^=1 o,ij{x) G for all G C"' and a.e. x E Q. Let 

/: D{a) X D(a) ^ C be defined by l{u, v) = J^Li In diud^. For all n G N let a^") = a+^l. 
Although a is not strongly elliptic in general, the form a(") is strongly elliptic for all n G N. 
If A, An, S and S'-"'^ are the associated operators and semigroups, then the conditions of 
Theorem 13.71 are satisfied. In particular the An converge to A strongly in the resolvent 
sense and therefore S'}"'' converges strongly to St for alH > 0. 

We next show that under a mild condition on the form domain D{a) the semigroup 
associated with a sectorial differential operator satisfies Davies-Gaffney bounds. If F and 
G are two non-empty subsets of R'^, then d{F, G) denotes the Euclidean distance. The value 
of M can be improved significantly if the coefficients are real. (See |ERSZ2] Proposition 
3.1.) In this paper the following version for complex coefficients suffices. 

Theorem 4.2 Let n C R'^ be open. For all i,j E {l,...,d} let a^j E Loo{Q). Let 
9 E [0, |). Suppose Yl'ij=i (''iji^) ^iCj ^ for all ^ G and a.e. x E ^l. Define the form 
a:D{a) x D{a) ^ C by 



d „ 



where D{a) is a subspace of H^{Q) with C^{Q) C D{a). Suppose e^'^u E D{a) for all 
u E D{a), p G R and ijj E C^(IV^, R). Let S be the semigroup associated with a. Then 

\{StU,v)\<e «7<— ||^x||2 ||t;||2 (11) 
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for all non-empty open fli,Q2 C Q, u ^ L2(fii), v G L2{^l2) o-nd t > 0, where M = 
3(1 + tan 0)2(1 + ^f.^J|a,,|U). 

Proof First suppose that (aij) is strongly elliptic. Let p > and ip G C{^(R'^,R) with 
II VV'lloo < 1- Define the form a^: D{a) x D{a) — )■ C by 



d „ 

ap(^M,^;j= / {diU + ptlJiu)aijdjV - pipjV, 



where ipi = diifj for all i G {1, . . . , d}. Then 

„ d „ d 

Reap(w) = Rea(M) + p Re / ipi u Uij dju — p Re / ^ ^ ((^i'u) Qij ip 

» d 

- p^ Re / V'i |iip (12) 
for all u G D{a). It follows from the estimate (1-15) of Subsection VI. 1.2 in jKat] that 
aij(x) < (1 + tan 9)(^Re^ aij{x) j ( X] ^^^^^^ 

i,j=l i,j=l i,j=l 



<eReJ2 (^) ^ + il±^^ Re 

i,j=l i,j=l 



4^ ^ "iiWr^iT^j 



for all ^,77 G C^, e > and a.e. x E Q. Choosing = {diu){x), r]i = {iljiu){x) and £ = 
it follows that 



p| / 'S^{diu) aij tpj u < I Re a(M) + (1 + tan 6^)2 p2 Re / 'S^ipiOijip 

Similarly the second term in ffT2|) can be estimated. Hence 

Re ap{u) > I Re a{u) — ^1 + 2(1 + tan 0)^ j p^ Re / -i/^j Ojj ■i/'j |m|^ 

-'^ i,j=i 

> i Re a(zx) - Mp2 ||«||2. (13) 

Define U±p: L2{n) LiiVl) by U±pV = e^P^v. Then U±pD{a) C D{a). Moreover, 
ap{u,v) = a{UpU,U^pv) for all u,v E D{a). Since (ajj) is strongly elliptic, the forms a 
and Op are sectorial (cf. Lemmas 3.6 and 3.7 in [ArE| ) . Let A and Ap be the associated 
operators and let S^^^ be the semigroup generated by —Ap. Then Ap = U-p A Up and 
Sl^^ = U.p St Up for alH > 0. It follows from 1^ that 

||5j^^||2^2<e*^^'* (14) 



\u\'. 
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for alH > 0. Then 

\{StU,v)\ = liS^'^ U^,u, Upv)\ < \\sl'^h^2 \\U-pu\\2 \\U,vh < e^^'''*e-^'^'^(^-^^) \\uh \\vh 

for all u e L2(i^i) and v G L2(fi2), where (i^(fii,i72) = inf^eni "0(3;) — sup^^Q,^tp{x). 
Minimizing over all -0 G C{f (R°') with HV'i/'lloo < 1 one deduces that 



m\2 p 2 



and choosing p = "^^^l^^^ gives 

|(S'fW,-i7)| < e 4A7t ||^x||2 ||t;||2 

for all u G ^2(^1), v G ^2(1^2) and t > 0. 

Finally we drop the assumption that (ajj) is strongly elliptic. For all n G N define 
a\^^ = Uij + ^ 6ij. Then {a[j^) is strongly elliptic. If S^"'^ is the associated semigroup, then 
lim„_>.oo Sj:"'^ = St strongly for alH > by Theorem 13.71 Hence the theorem follows. □ 

We next consider locality properties of the relaxed form of the sectorial form a. 

Corollary 4.3 Assume the notation and assumptions of Theorem 14. 2[ Then 7]^{u,v) = 
for all u,v G D{a^) with disjoint compact supports. 

Proof There exist open non-empty Qi,Q2 C R'' such that suppw C Qi, suppw C ^^2 
and d{Qi, Q2) > 0. Then it follows from Theorem 14.21 that there exists a 6 > such that 

m - St)u,v)\ = \{StU,v)\ \\uh\\vh 

for alH > 0. Hence by [Ouh] Lemma 1.56 one deduces that 

\a;iu,v)\ = \imt'^\{{I - St)u,v)\ < limr^e"''*"' ||«||2 = 

as required. □ 
If C define 

L2,c(y^) = {u E L2{Q) : supptx is compact}. 

Another corollary of Theorem 14.21 is that St maps L2,c(^) into Li{Q). This is a special case 
of the following lemma. 

For all i? > let Br denote the open ball in R'' with centre and radius R. Set 
Xr = Ififl- 

Lemma 4.4 Let d G N. There exists a constant q > such that the following holds. Let 
Q C R'^ be open and T G £(L2(fi)). Let N > and suppose that 

d{ni,Cl2)'^ 

\iTu,v)\ < e N \\u\\2 \\v\\2 

for all non-empty open Qi,Q2 C Q, u E L2{^li) and v G L2(f22). Then TL2^c{^) C Li{Q) 
and 

11(1 - X2r)Tu\\i < CdR-'N'-^ e-^ \\u\\2 
for all R > and u G L2{^1) with supp u C -B_r. 
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Proof Since X2rTu G L2{Q fl B2r) C Li{Q) it suffices to show the estimate. Let 
if E Ccin). Then 

|((1 - X2r)Tu, ip)\ = liTu, (1 - X2R)ip)\ 

oo 

n=\ 

oo 



2„2 



<^e "^^ ||m||2 ||(X(„+2)i? - X(n+1)R)V5||2 
n=l 

oo 



oo 



< S^^/^i^il^/^ e-Sv ^ (ni?)^ 



n=l 

Let c' > be such that x'^l'^ < c'e^ uniformly for all x > 0. Then c' can be chosen to 
depend only on d. Note that J2'^=i ^""'^ — /o°° ~ ^°i' ^ a > 0. Therefore 



n=l n=l 

/. N^/^V^ n^fl^ ^ ^ //I / TT A'' \ 1/2 



V i?2 

n=l 

Then the lemma follows by taking the supremum over all Lp with ||<y5||oo < 1- ^ 

As a consequence one deduces Li-convergence of the approximate semigroups on L2,c(^)- 
Recall that the coefficients in Theorem 14.21 are complex. 

Lemma 4.5 Assume the notation and assumptions of Theorem 14. 2[ For a// n G N let 
(jC") = (2_|_ i where I is the form with D{1) = D{a) and l{u, v) = Yli=i In ^^"^^ 
be the semigroup associated with 0*^"^ Then lim.„_j.oo S^.'^^u = StU in Li{Q) for allt>0 and 
u G L2,c(^)- 

Proof It follows from Theorem 14.21 that there exists an M > such that 

\{StU,v)\ V KS-f < ||«||2 ||t;||2 

for all n G N, non-empty open fii, f22 C u G L2(fii), v G L2(r22) and t > 0, Let Q > 
be as in Lemma [4. 4[ Let u G L2,c(^) and t > 0. Then 

11(1 - X2R)St\\\i < CdR-\AMt)'-^ e-^ \\u\\2 

for all 7T, G N and R > with suppti C Br. So lim/j_j.oo(l — X2R)S'f^^u = in Li{Vt) 
uniformly in n G N. Similarly, lim/j_j.oo(l — X2R)StU = in Li(VL). So it suffices to 
prove that Yim.n^aoX2R{S^^u — Stu) = for large R > 0. Since \\x2r{sI'^^u — Sftt)!!! < 
|i?2i?|^/^ IIS'I"''?/ — 5'jit||2 for all n G N and > 0, it follows from Theorem 13.71 that 
limn_j.oo X2R{St^''u — Stu) = in Li{VL) for all i? > 0. □ 
For strongly elliptic operators one can strengthen the conclusions of Theorem 14.21 
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Lemma 4.6 Assume the notation and assumptions of Theorem I4.2[ In addition suppose 
that the operator is strongly elliptic. Then one has the following. 



(a) StL2{n) C H\n) for allt>0. 

(b) There exist c, M' > such that 

\{diStU,v)\ < ce ||-u||2 ||t;||2 

for all non-empty open Qi,Q2 CQ, u E L2{Qi), v G ^2(^2) and t > 0. 

(c) If u & -^2,c(^); then StU, diStU G LiiVt) for all t > and i G {1, . . . ,d}. Moreover, 
t (— ll^jSiMlli is locally bounded. 



Proof '(a) . Let b be the sectorial differential form with form domain D{b) = II^{Q) 
and coefficients aij. Since [aij) is strongly elliptic if follows that b is closed. Clearly b is an 
extension of a. So a is closable. Let A be the operator associated with a. Then A is the 
operator associated with a. Since S is holomorphic one deduces that StL2{fl) C D{A) C 
D{a) C D{b) = H\n) for all t > 0. 

c)f. This is a consequence of Lemma 14.41 and the estimates of Theorem 14.21 and 



Statement (b) 



'(b) . We use the notation as in the proof of Theorem 14.21 Fix 6' G {6, |). For all </? G R 
with \ip\<e'-9 define aj^' = e'^ for alH, j G {1, . . . , d}. Then T.tj=i (^) ^ ^9' 
for all ^ G and a.e. a: G ^2. Let a^'^l be the corresponding form with form domain D{a). 
For all p > let a^f, A^^\ A^^\ S^^^ and S^^^p be the form, operators and semigroups 
defined naturally as in the proof of Theorem 14.21 Then it follows from (IT^ that 

II cM/'ll <f ^Mip'^t 

IPt ||2->2 ^ e 

for all p,t > and \^\ < 6' - 6, where Mi = 3(1 + tan^')^(l + J2tj=i II II 00) • But 
^Mp _ g-te«^Ap _ ^P^^_ ||5^^^^J|2^2 < e*^!"'* for all t,p > and < 6*' - 0. Since 
is a holomorphic semigroup on the interior of ^^-e' it follows that 

= — ! -^S^dz 



2ni 



Frit) 



for all if: > 0, where Tr(t) is the circle centred at t and radius r = at and c = sin |(| — 0'). 
Therefore 



'r,.{t) 

for all p, t > 0, where M2 = Mi(l + c). It then follows from ([T3]) that 



P.,l|2 
2 



1=1 



2 II CP„.I|2 



< \\A,S?u\\2\\SM2 + Mp- 

- 112 r 112 
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Hence there exist C3, M3 > such that 
for alH G {1, . . . , d} and p,t > 0. Since 



for suitable C4, M4 > 0, Statement (b) follows as at the end of the proof of Theorem 14 ■2[ D 



The conditions on the form domain in Theorem 14.21 are satisfied in case of Neumann 
boundary conditions, i.e. if D{a) = H^{Q). We next show that if D{a) = H^{Q), then 
a strong locality property is valid. We start with a lemma for (complex) strongly elliptic 
operators. 

Lemma 4.7 Let Q C R*^ be open. For all z, j G {1, . . . , d} let aij G Loo{^l). Suppose (aij) 
is strongly elliptic. Define a: H^{Q) x H^{Q) C by 

d „ 

a{u,v) = / {diu)aijdjV. 



Let S be the semigroup associated with a. Then {Stu, 1) = {u, 1) for all u G L2,c(^) o,nd 
t>0. 

Proof Fix T G C^{R'^) such that t\b, = 1. For all n G N define r„ G C~(R'^) by 
Tnix) = r{n^^x). For all n G N define /„: (0, 00) — )■ C by fn{t) = {StU, Tn In). Note that 
Tn In G H^{n) = D{a) for all n G N. Therefore 

d d 

f^{t) = -a{Stu, Tn Ifi) = - ^ (di StU, Uij dj{Tn In)) = - ^{di StU, Uij (djTn) In) 

i,j=l i,j=l 

and 

d 

1 1 1 ^ij 1 1 00 ^ 00 

for all G N and t > 0, where we used that diStU G by Lemma I4.(:](c)[ So 

lim^^oo /^,(^) = locally uniform on (0,oo). In addition, lim„_>.oo /n(^) = {StU,l) for all 
t G (0,00). Therefore t H- {Stu,l) is constant. Since limtiQ^StU,!) = (w, 1) the lemma 
follows. □ 

We are now able to prove strong locality for Neumann sectorial differential operators. 
Note that our conditions allow that the coefficients are on part or even the entire domain. 

Proposition 4.8 Let Q C R'^ be open. For all i,j G {!,..., d} let aij G Lod{^)- Let 
G [0, |). Suppose X^i j=i ^ii(^) iiij ^ for all ^ G and a.e. x eVL. Define the form 
a with form domain D{a) = H^{Q) by 

d 

a{u, v) = y I (diu) aij djV. 



V / {diu)aijdj 



Then one has the following. 
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(a) ar{u,v) = for all u,v & D{ar) with compact support such that v is constant on a 
neighbourhood of the support of u. 

(b) // S is the semigroup associated with a, then {StU, 1) = {u, 1) for all t > and 



Proof We first prove Statement (b) For all n G N let a*-"-* = a + ^ /, where / is the form 
with D{1) = H\Q) and l{u,v) = EtiL^*"^- Let S'(") be the semigroup associated 
with a("). Then {Stu,l) = lim„_^oo(5'f"^^^, 1) = (m, 1) for all t > and u G L2,c(^^) by 
Lemmas 14.51 and 14.71 

Next let ti, f G D{a^) with compact support such that v is constant on a neighbourhood 
of the support of u. Then there exist an open set U and a A G C such that supp u d U 
and v{x) = A for all x E U. Therefore {u, v) = X {u, 1) = A {StU, 1) for all t > 0. 

Let Q > be the constant in Lemma 14. 4[ which depends only on d. Moreover, set 



d 

M = 3(1 + tan^)2(l + ^ 



^ ij 1 1 oo J 



Fix R > such that supp u C Bfj. 
Now let t > 0. Then 

{{I - St)u,v) = X{StU,l) - {Stu,v) 

= A (StU, 1 - X2r) + {StU, A X2R - v). 

We estimate the terms separately. First, 5* satisfies the Davies-Gaffney bounds (11 II) of 
Theorem 14.21 So one estimates 

\{StU,l-X2R)\ < \\{l-X2R)Stu\\i < CdR-\AMt)^ e-^^ \\u\\2 

by Lemma [4.41 Next, let D > be the distance between suppw and U'^. Then it follows 
from Theorem 14.21 that 

\{Stu,\x2R- v)\ < e 4A« ||m||2 ||Ax2R - f lb 

< (|A| {2RY'^ ^ ii^ii^) ii^ii^^ 

Therefore 

t-\{I - St)u,v)\ < \\\c,R-H-\AMt)"-^e-^^ \\uh 



+ (|A| {2RYI^ _^ ii^ii^) t-ig-wF 

for all t > 0. Since Ti^iu, v) = lim^o t^^ii^ — St)u, v) the proposition follows. □ 

Up to now the coefficients were allowed to be complex in this section. If the coef- 
ficients are real, but possibly not symmetric, then one has the following application of 
Corollary 13.131 and Proposition 14.81 
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Corollary 4.9 Let Q C R'^ be open. For all i,j E {l,...,d} let aij E Loo(^^,R)- Let 
E [0, |). Suppose J2ij=i ^iji.^) iiij ^ '^e /^'^ ^ ^ C*^ and a.e. x eVL. Define the form 
a:D{a) x D{a) ^ C by 



d „ 



where D{a) = H^{Q) or D{a) = Hq{Q). Let S be the semigroup associated with a. Then 
S is real, positive and S extends consistently to a contraction semigroup on Lp[fl) for all 
p E [l,oo], which is a Co-semigroup if p E [l,oo) and the adjoint of a Co-semigroup if 
p = oo. Moreover, if D{a) = H^{^1), then Stln = In for allt>0. 

Proof Only the last statement needs comments. Since L2,c(^) is dense in Li{Q) one 
deduces from Proposition 14. ^^Tb) that {StU,l) = (m, 1) for all u E Li(f2). Then the claim 
follows by duality and Remark 13.51 □ 

Thus for real coefficients and Neumann boundary conditions the semigroup S is stochas- 
tic on Li. 



4.2 Multiplicative perturbation 

We perturb the Dirichlet Laplacian by choosing a special function j. Let Q C R"' be open 
and bounded. Then we obtain a possibly degenerate operator as follows. 

Proposition 4.10 Let m: — ?■ (0, oo) be such that ^ E L2,ioc(^)- Define the operator, 
formally denoted by (mAm) on ^2(^2) by the following. Let w, f E L2(fi). Then we define 
w E D[{mAm)) and (mAm) w = f if and only ifmw E Hq{Q) and A{m w) = — in 

Then the operator (mAm) is self-adjoint and {mAm) generates a positive semigroup S . 
Moreover, the set 

C = {/GL2(fi,R):/<^} 

is invariant under S. 

Proof Let V = H^{n) n L2{n,^dx) and define j E £(V,L2(fi)) by j{u) = ^. Define 
a: y X y — )• C by a{u, v) = Vu Vv. Then a is continuous and symmetric. Since fl is 
bounded it follows from the (Dirichlet type) Poincare inequality that the norm 

is an equivalent norm on V. Therefore the form a is j-elliptic. Let A be the operator 
associated with (a, j). We shall show that A = —{mAm). 

Let w E D{A) and write / = Aw. Then there exists a. u E V such that w = j{u) = ^ 
and J^VuVv = J^f ^ for all v eV. Observe that ^ E Li^ioc{^). Taking v E V{^1) one 
deduces that —Au = ^ in V{^1)'. Thus w E D{{mAm)) and —{mAm) w = f. 

Conversely, let w E D{{mAm)) and write / = —{mAm)w. Set u = mw E Hq{Q). 
Then _ 

a{u,v)= [ VuV^=-{Au,v) = {^,v)= [ f- = [ fl{v) 
. o m In m ./o 
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for all V G V{Q). Since is dense in V by |ArC] . Proposition 3.2, it follows that 

a{u,v) = f^fj{v) for all v eV. Thus w = j{u) G -0(^4). This proves that A = — (mAm). 

The operator A is self-adjoint since a is symmetric. We next show the invariance of the 
set C. The set C is closed and convex in L2(f2). Define P: ^2(^2) — ?■ C by Pf = (Re /) A ^. 
The P is the orthogonal projection onto C. Let u eV. Define w = (Rett) A 1 G Then 
Pj{u) = j{w) and lie a{w,u — w) = 0. Hence it follows from Proposition 12.91 that the set 
C is invariant under 5*. Since / < if and only ii nf E C for all n G N the invariance of 
C also implies that the semigroup is positive. □ 

By a similarity transformation we obtain two further kinds of multiplicative perturba- 
tions. We leave the proofs to the reader. 

Proposition 4.11 Let p:VL ^ (0, 00) he such that ^ G Li_ioc(f2). Define the operator, 
formally denoted by (pA) on L2{i^,-^dx) by the following. Let w,f E L2(fi, ^(ix). Then 
we define w E D{{pA)) and (pA) w = f if and only if w E L2{fl,^dx) fl Hq{Q) and 
Aw = ^ in V{n)'. 

Then the operator (pA) is self-adjoint and generates a submarkovian semigroup. 

Proposition 4.12 Let p:Q—> (0,oo) be such that ^ G Li^ioc(^^). Define the operator, 
formally denoted by (Ap) on L2{^,pdx) by the following. Let w,fE L2{^, pdx). Then 
w E D[[Ap)) and (Ap) w = f if and only if pw E Hq{Q) and A{pw) = f in V{Qy. 
Then the operator (Ap) is self-adjoint and generates a submarkovian semigroup. 

4.3 Robin boundary conditions 

Let Q C R'^ be an open set with arbitrary boundary P. At first we consider an arbitrary 
Borel measure on P and then specialize to the {d — l)-dimensional Hausdorff measure. 
For alH, j G {1, . . . , d} let a^j G L^oi^, C). Let 6 E [0, |). Suppose Yl'i,j=i ^iji^) 6 ^ 
for all ^ E and a.e. x E Q. Let p be a (positive) Borel measure on P such that 
p{K) < 00 for every compact K <zT. Define the form a by 



Then C^{Q) C D{a) C ^2(^2) and a is sectorial. In order to characterize the associated 
operator A we need to introduce two concepts and one more condition. First, define the 
Neumann form by D^on) = H^{Q) and 



Throughout this subsection we suppose the form a^y is closable. Here we are more interested 
in the degeneracy caused by p. If m G D{a^) and / G 1^2 (^), then we say that Au = f 
weakly on Q if 




and 
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for all V G C'^{VL). If m G D{7in), then we say that Au G L2{Q) weakly on Q if there 
exists an / G ^2(^2) such that Au = f weakly on Q. Clearly such a function / is unique, if 
it exists. Secondly, if -u G DilT^) and G L2(r,/i), then we say that 99 is an (a, /i)-trace 
of u, or shortly, a trace of if there exist ui,U2, . . . G D{a) such that limun = u in 
D(a/v) and limtt„|r = in L2(T,fi). Moreover, let H^^^^Q) be the set of all u G 0(71^) for 
which there exists a G L2(r,/i) such that ip is a trace of u. We emphasize that is not 
unique (almost everywhere) in general. Clearly D{a) C With the help of these 

definitions we can describe the operator A as follows. 

Proposition 4.13 Let u, f E L2(fi). Then u G D{A) and Au = f if and only if u E 
Hl^^{Q), Au = f weakly on Q and there exists a ip E L2{T , fx) such that p is a trace of u 
and 

aN{u,v) — / {Au)v = — / (pvdfi (15) 
in Jr 

for all V G D{a). 

If the conditions are valid, then the function p is unique. 

Proof There exists a Cauchy sequence Ui,U2, ... in D{a) such that limti„ = u in 

L2(fi) and lim.a{un,v) = {f,v)H for all v G D{a). Then ui,U2, ... is a Cauchy sequence 
in D(aiv)- Therefore u G -D(a/v) and limM„ = w in D(ajv)- Moreover, ■ui|r,M2|r, • • • is a 
Cauchy sequence in L2(T, /z). Therefore ip := limwjilr exists in L2(T, /z). Then tp is a trace 
of u. Let V G D{a). Then 



aN{u,v) + J pvdfj, = \ima{un,v) = {f,v)H = j fv. 
Therefore if v G C^{^), then 



aN{u,v) = I fv, 

so Au = f weakly on Q. Moreover, 



a]\f{u,v)+ / pvdfi= / {Au)v 
Jr Jn 

for all V G D{a). 

If also p' G L2(r,/i) satisfies ([T5|) . then J^{p — p')vdfi = for all v G D{a). But the 
space {t'lr : v G if^(f2) nCc(f2)} is a *-algebra which separates the points of F. Therefore it 
is dense in Co{T). Let G Cc{T). Then there exists a x ^ C'^(R°') such that xlsuppv = ^■ 
By the above there exist Vi,V2, . . . G if^(r2) nCc(fi) such that limf„|r = 'j/' in Co(r). Then 
lim(xt>„)|r = V in C'o(r)- Moreover, yu(supp(x|r)) < 00. Therefore lim(xfn)|r = ip in 
L2(T, /i) and the space {v\r : v E H^{Q) fl Cc(fi)} is dense in L2(r, /i). Thus p' = p. 

'<^='. There exist p G L2(r,/z) and ui,U2, . . . G -D(a) such that lim-u^ = w in D(a/v), 
limw^lr = V9 in L2(r,|u) and ( |T5l) is vahd for all v G D{a). Then ui,U2, ... is a Cauchy 
sequence in D{a) and 



lim a{un,v) = a ]\f{u,v) + / pvdfi= / (^u) = / /f 

ir in 

for all V G -D(a). So m G D{A) and Am = /. □ 
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This proposition shows how our general results can be easily applied. It is worthwhile 
to consider more closely the associated closed form since this is intimately related to the 
problem to define a trace in L2{T, fi) of suitable functions in H^{Q). 

Let 

W = {iu,u\r) : u E D{a)}, 

where the closure is in Dili^) © L2iT,fj.). Then the map u H- {u,u\r) from D{a) into 
W is an isometry and therefore it extends to a unitary map from the completion of D{a) 
onto W. The form a is closable if and only if the map j:W ^ L2{fl) defined by j{u, if) = u 
is injective. Note that if e 1^2 (r, /^), then (0, ip) E W if and only if (y9 is a trace of 0. 

The following lemma is due to Daners [Dan] Proposition 3.3 in the strongly elliptic 
case, but our proof is different. 

Lemma 4.14 There exists a Borel set r^^^ C F such that 

{ip G L2{T,fi) : (f is a trace of 0} = L2(T \ Ta,^,fJ^). 

Proof Set F = {ip E L2{T, /i) : (0, (p) E W}. Then F is a closed subspace of L2(T, /i). 

First we show that uip E F for aS[ ip E F and u E D{a) fl W^(R'^). Since ip E F there 
exist Ml, M2, • • • £ -D(a) such that lim-u„ = in DilTjq) and lim?/„|r = ip in L2(F, //). Then 
uUn E D{a) for all n G N and lim{uUn)\r = uip in L2(F,/i). By the Leibniz rule one 
deduces that 

{mi){uu^y/' < ik„ii2 (5^ II i^!i±^i \dM \d,u 

for all n G N and limuun = in _D(a/v). So uip E F. 

Secondly, let P:L2(T,ii) — > F be the orthogonal projection. Let (p E L2(F,//) and 
suppose that ij{[(p ^ 0]) < oo. We shall prove that Pip = a.e. on [ip = 0]. Let 
A= [ip ^ 0]. Since {u\r : u E H^{Q)r}C^{R'^)} is dense in L2(F,//) there exist Ui,U2, ■ ■ ■ E 
H^{n)nC^(R'^) such that lim M„ I r = 1a in ^2 (F , //) . Then also lim(0 V Re m„ A 1) | r = 1a 
in -L2(F, /i), so we may assume that m„ G D{a) fl W^{'R'^) and < < 1 for all n G N. 
Passing to a subsequence if necessary we may assume that limM^lr = 1a a-e. Therefore 
limw^ Pip = 1a Pip in L2(F, /i). Since Pip E F for all n G N one deduces that 1a Pip E 
F. Then 

y-lAP^\\L2{r,,,) = \\1a{^ ~ P^)\\L2{r,,,) < y-P^\\L2{r,f,)- 

So 1a Pip = Pip and Pip = a.e. on A'^ = [ip = 0]. Now the lemma easily follows from 
Zaanen's theorem |ArT] Proposition 1.7. □ 

Obviously the set F^^^ in Lemma 14.141 is unique in the sense that /i(Fa^^AF') = 
whenever F' C F is another Borel set with this property. It follows from the last paragraph 
of Section 3 in |ArW] that the set F^^^ coincides with the set S in [ArW] Proposition 3.6. 
In [ArW] Example 4.2 there is an example of an open set Q and fi the {d — l)-dimensional 
Hausdorff measure such that /i(F) < oo and /i(F \ F^^^) > 0, where a is the form of the 
Laplacian. 

It is clear from the construction of F^,^ and definition of ^{Q) that there exists a 
unique map Tra^^: Hl^^iVL) — )■ L2(Fa^^,/i) in a natural way, which we call trace. Note that 
if u G H^^^{Q), then Ti a,^iU is the unique ip E L2(Fa^^,/i) such that ip is an (a, /i)-trace 
of u. In general, however, the map Tr^^^ is not continuous from {H^^^{fl), \\ ■ into 
-^2(Fa,/x, /^)- A counter-example is in [Dan], Remark 3.5(f). 



+ ||m||oo (JR.a^){unY'^ 
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The map u i— )■ {u, Tr a,^iu) from H^^^^Q) into D^qn) © L2{Ta,fj., y) is injective. Therefore 
one can define a norm on H\^{Vt) by 

= WA'oiaw) + l|Tra,MM||i2(r„,^,;.)- 

It is easy to verify that H^^^{Q) is a Hilbert space. Moreover, the map Tr^^^: — )• 
L2(Xa,^i, IJ-) is a continuous hnear operator with dense range. 

It is now possible to reconsider the element ip G L2{T,fi) in Proposition 14.131 

Proposition 4.15 Let u, f ^ L2{^1). Then u G -0(^4) and Au = f if and only if u E 
H^^^^Q), Au = f weakly on Q and 

aj^{u,v)- / {Au)v = - / {TTa,f^u)vdn 
Jn Jr 

for all V G D{a). 

Proof Let u G D{A) and Lp G L2{T,y) be the corresponding unique element as in 
Proposition 14.131 If i/j E L2(T \ Ta^^,y) = F, then there exist Vi,V2, . . . G D{a) such that 
limv„ = in D^on) and limt;„|r = ip in L2{T,fj,). Substituting v = Vn in f|T5|) and taking 
the limit n ^ oo one deduces that (ftp dfi = 0. So ip E L2{Ta,^,fi) and tp = Tr a,^u. □ 

We now consider the case where is the {d — l)-dimensional Hausdorff measure, which 
we denote by a. In particular, we assume that cr{K) < oo for every compact K C T. 
Moreover, we write Fa = Ta^a and Tr^ = Tra^o-. The measure a coincides with the usual 
surface measure if Q is C^. We continue to consider, however, the case where fl is an 
arbitrary bounded open set. If Q has a Lipschitz continuous boundary and the form a 
equals the the classical Dirichlet form /, then F; = Fa = by the trace theorem (see [Nee] 
Theoreme 2.4.2). By |ArW] Proposition 5.5 it follows that cr(F/) > if f2 is bounded, with- 
out any regularity condition on the boundary. (Note, however, that there exists an open 
connected subset C such that a(T \ Ti) > 0, see |ArWj . Example 4.3). The embed- 
ding of Hl^{Q) into L2{fl) is compact if Q has finite measure, by [ArWj Corollary 5.2. This 
surprising phenomenon is a consequence of Maz'ya's inequality. It was Daners jPan] who 
was the first to exploit this inequality to establish results for Robin boundary conditions 
on rough domains. Further results were given in |ArWj Section 5. 

We conclude our remarks by considering fi = (3 a, where /? G Loo{T, R) and (3 > a.e. 
We define the weak normal derivative with respect to the matrix (ajj). Let (p G L2(F,/i), 
u G D{a^) and suppose that Au G -^2(^2) weakly on Vt. Then we say that (p is the 
(ajj)-normal derivative of u if 



aN{u,v) — / (Au) V = / (pvda 
Jn Jr 

for all V G D{a). If Q is of class C^, fi is the {d — l)-dimensional Hausdorff measure 
and u G C^(f2), then our weak definition coincides with the classical definition by Green's 
theorem. We reformulate Proposition 14.131 

Proposition 4.16 Let u, f E L2(f2). Then u G D{A) and Au = f if and only if u E 
^ai3ai^)' •^'^ ~ f weakly on Q and —/3Tt a^i^aU is the {aij)-normal derivative of u. 

Note that if (ojj) is strongly elliptic and if m G D{A) and Au = /, then u G H^{Q), 
Au = f weakly on Q, u has a trace Trw and v ■ aWu = — /3TrM weakly. Thus one recovers 
the classical statement. 
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4.4 The Dirichlet-to-Neumann operator 

Let Q he a bounded open subset of R'^ with Lipschitz boundary F, provided with the 
{d — l)-dimensional Hausdorff measure. Let Tt:H^{Q) — )■ L2{T) be the trace map. We 
denote by the Dirichlet Laplacian on Q. If ip E L2{T), u G H^[Q) and Am G L2{^1) 
weakly on fi, then we say that ^ = ^ weakly if if is the (aij)-normal derivative of u, where 

Let A G R and suppose that A ^ cr(— A^). The Dirichlet-to-Neumann operator 

Dx on i^2(r) is defined as follows. Let ip^i/j E -^2(r)- Then we define ip G D{D\) and 
D\if = ■0 if there exists a m G H^{Q) such that —Am = Am weakly on Q, Tr u = (f and 
^ = il' weakly. We next show that the Dirichlet-to-Neumann operator is an example of 
the m-sectorial operators obtained in Corollary 12.21 

Define the sesquilinear form a: H^{Q) x H^(Q) — )■ C by 

a{u,v) = / VmVm — A uv. 
Jn Jn 

Moreover, define j:H^{Q) — t- L2{T) by j{u) = Ttu. Then kerj = Hq{Q) by |Alt] 
Lemma A. 6. 10. Clearly the form a is continuous, the map j is bounded and j{H^{Q)) 
is dense in L2{T). Using the definitions one deduces that 

V{a) = {m G H^{^1) : -Am = Am weakly on Q}. 

It follows from Step 1 in the proof of Proposition 3.3 in [ArM] that there exist G R and 
/i > such that 

Rea(M) + w ||i(M)||i2(r) > ^ ||M||y 

for all M G V{a). Moreover, H^{Q) = V{a) + ker j by Lemma 3.2 in |ArM] . So the 
conditions of Corollary 12.21 are satisfied. 

Note that if Ai is the lowest eigenvalue of the operator — Ad onQ and u G Hq{Q) is an 
eigenfunction with eigenvalue Ai, then ([2]) is not valid if A > Ai. Therefore Theorem 12. II is 
not applicable and this example is the reason why we used the space V{a) in Corollary 12.21 
If still A > Ai then there exists a m G Hq{Q) such that u ^ and a{u) = 0. If [/ = V{a) + 
span{M} then [/ is a closed subspace of H^{fl) such that Du^a) C U . But {a\uy,u, j\u) does 



not satisfy (jl]). Hence Proposition 12. 3(Fa) cannot be extended to the setting of Corollary 12. 2 1 
Let A be the operator associated with {a,j). We next show that A = Dx- Let ip,!/) E 
L2(r). Suppose ip G D{A) and A(p = i/j. Then there is a m G H^{Q) such that Ttu = ip 
and a(M,M) = (-0, Tr M)L2(r) for all v G H^{fl). For all v G Hq{Q) one has 

VmVm — A / MM = a(M,M)=0, 

n Jn 
so —Am = Am weakly on Q. Then 



Vm Vm + / (Am) V = a{u, v) = {^jj, Tr v) ^^(r) 
n Jn 

for all V G H^{il). So ^ = ^p weakly. Therefore tp G D(Dx) and Dxip = ip. Conversely, 
suppose ip G D{Dx) and Dxp = ip- By definition there exists a m G H^{Q) such that 
—Am = Am weakly on TrM = 99 and = ip weakly. Then 



n Jn Jn 



a{u,v) = I VmVm — A I uv= j VmVm+ / (Am) m = j —Trv = {ijj,TTv)L2(r) 



du ■ 
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for all V e H^{^). So ip = j{u) e D{A) and = Aj{u) = Aip. Thus Da = ^ is the 
operator associated with (a,j). 

If 5* is the semigroup generated by —Dx, then it follows as in the proof of Corollary 13.131 
that 5" is real and positive. Moreover, if A < 0, then S extends consistently to a continuous 
contraction semigroup on Lp{Q) for all p E [1, oo]. 

4.5 Wentzell boundary conditions 

Let again Q be an open subset of R"^ with arbitrary boundary F and let a be the (rf — 1)- 
dimensional Hausdorff measure on F. We assume that cr{K) < oo for every compact K G T. 
All Lp spaces on F are with respect to the measure a, except if written different explicitly. 
For all i,j G {l,...,d} let aij G Loo(f^). Let 6 G [0,|). Suppose Ylt j=i'^iji.^) ^i^i ^ 
for all ^ G and a.e. x Define the form h by 

D{h) = {ue H\n) n c(n) ■. j \u\^da < 00} 

and 

b{u,v) = / (diu) aij djV + / uvda. 
As in Subsection 14.31 we define the Neumann form by D{bj\f) = H^{Q) and 

d „ 

bN{u,v)= y2 / {diu)aijdjV. 



Throughout this subsection we assume that the form bjy is closable. Set F = Tb^a and 
Tr = Tr b^^. Moreover, we assume that the map Tr : (H^^^^Q), \\ ■ W-j^) — )■ L2(T) is continuous. 

Fix a G I/oo(r) and B G £(L2(F)). Throughout this subsection we assume that there 
exists an a; > such that 

uj\\Bip\\l^^~^ + I^Rea\cp\'>0 (16) 

for all Lp G L2{T). As an example, if G Loo(F) and B is the multiplication operator 
with (3, then the assumption 

uj\B\'^ + Rea > 



for some cu > 0, implies f[T6|) . 
Define the form a by 

D{a) = Hlin) 

and 



a{u,v) = / (diu) aij djV + iTiuTrvada. 
ij=i 

Then a is continuous. Let H be the closure of the space {(u,i?(Tru)) : u G Hl^iVL)} in 
the space L2{p) © ^2(r) with induced norm. Define the injective map j: H^^^Q) — )■ if by 

j{u) = {u,B{Tru)). 
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If B has dense range, then H = L2{Q) © -^^2(r) since the space {{u,Ttu) : u G H^^^{Q)} 

is dense in L2(fi) © -^2(r) by Step a) in the proof of Theorem 2.3 in | AMPRj . Then the 
claim follows by the range condition on B. Note that the condition f|T6|) together with the 
assumed continuity of Tr : (if^^^(f^), || ■ H^^) — L2{T) imply that a is j-elliptic. Let A be 
the operator associated with (a,j). 

Proposition 4.17 Let x,y G H. Then x G D{A) and Ax = y if and only if there 
exist u G Hl^iVL) and ■0 G i^2(r) such that x = {u, B(Ttu)), Au G L2(^) weakly on Q, 
{B*!/; — aTiu) is the {aij)-normal derivative of u and y = {Au,'i/j). 

Proof Write y = {f,ip) G H. There exists a -u G H^^{Q) such that x = j{u) and 



h]^{u,v) + I Ti uTr V a da = {y, j{v))H = / fv+ liJjB{Tiv)da 
Jr Jq Jt 

for all V G Hl^{Q). Taking only v G C^{Q) one deduces that Au = f weakly on Q. In 
particular, y = (/, "0) = {Au,iIj). Moreover, 

h^iu^v) — / {Au)v= l{B*ip — aTru)Trvda 
Jn Jr 

for all V G Hl^{Q), which implies that {B*iIj — aTr-u) is the (oi-,) -normal derivative of u. 

'<^='. Let u G Hl^{Q) and ^ -^2(r) be such that x = {u, B(Ttu)), Au G L2{fl) weakly 
on Q, {B*iIj — aTrw) is the (ajj)-normal derivative of u and y = {Au,iIj). Then x = j{u). 
Since (B*!/) — aTiu) is the (aij)-normal derivative of u one deduces that 

bN{u, v) — J^{Au) V = J^{B*ip — aTr u)Ti V da 

for all V G Hl^{n). So 

a{u, v) = b^iu, v) + J^Tt uTi V a da 



{Au)v+ lijB{TTv)da={y,j{v))H 
I Jr 

for all V G H^^{Q). Therefore x G D{A) and Ax = y. □ 

Suppose that B has dense range. Then H is isomorphic with L2(fi U F) in a natural 
way, where U denotes the disjoint union of the measure spaces. We use this isomorphism 
to identify H with L2{fl U F). It is easy to verify as in the proof of Corollary [XT^a)] that 
S leaves L2{Q, R) © -^2(r, R) invariant if the form Bn is real, a is real valued and B maps 
L2(F; R) into itself. We next characterize positivity of S. 

Proposition 4.18 Suppose the form is real, a is real valued and B maps L2(F;R) 
densely into itself. 

(a) The map B is a lattice homomorphism if and only if the semigroup S is positive. 
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(b) If a{r) < oo, the map B is a lattice homomorphism, a > and there exists a c> 1 
such that ^ 1 < Bl < cl, then S extends continuously to a bounded semigroup on 



Proof ' (a) '. Let C = {{u, (p) G H : u > and (p > 0}. Then C is closed and convex in H. 
Define P: H ^ C hj P{u,(f) = ((Re-u)"*', (Re Then P is the orthogonal projection 
onto C. 

Let u e Hl^{n). Then {Reu)+ G Hl^{n) and 

j{{Reu)+) = ((ReM)+,5(Tr((Reu)+))) = ((Rew)+, (ReS(Tr «))+) = Pj{u) 

since i? is a lattice homomorphism. Moreover, 

Rea((ReM)+,M- (ReM)+) = a((ReM)+, -(Re w)") = 0. 

So C is invariant under S by Proposition 12.91 

'<^='. If is positive, then C is invariant under S. Let u G Hl^{fl). It follows 
from Proposition 12.91 that there exists a w G Hl^iVt) such that Pj{u) = j{w). Then 
((Rew)"*", (Re i?(Tr = Pj{u) = j{w) = {w, B{Tt w)). Therefore w = (Rew)"*" and 

(ReS(Trti))+ = B{Ttw) = 5(Tr ((ReM)+)) = B{{ReTTu)+). 

This is for all u G H^^^Q). Since TtH^^^Q) is dense in L2{T) one deduces that {B(p)^ = 
B{{p~^) for all (/? G L2(r,R). So S is a lattice homomorphism. 



'(b)'. Let C = {{u,(p) G H : u < 1 and (p < Bl}. Then C is closed and convex. 
Define P: H ^ C by P{u,ip) = {{Reu) A 1, (Rey^) A Bl). Then P is the orthogonal 
projection of H onto C. Let u G Hl^(n). Define w = (Reu) A 1. Then w G iJ^^(fi) 
and Pj{u) = {{Reu) A 1, (ReS(Trw)) A Bl) = {{Reu) A 1, 5(Tr ((Rew) A 1))) = j{w). 
Moreover, 

Rea{w, u-w) = Rea((Re'u) A l,ilm-u + {Reu - 1)+) = a{{Reu) A 1, {Reu - 1)+) 

= ^aTr((Re?/) Al)Tr((ReM- = ^ a Tr ((Rew - > 

So by Proposition 12.91 the set C is invariant under S. 

Finally, let (m, ip) E H and suppose that u < 1 and ip < 1. Then - ip < Bl and 
^ {u,(p) G C. Let t > and write {Vjip) = St{u,ip). Then ^ (v,'?/') G C. Hence f < cl and 
i/j < cBl < 1. So S extends to a continuous semigroup on and ||S't||oo^oo < for 
all t>0. a 

Using the operator A one can define another semigroup generator which looks different. 
If It G D{bN), then we say that Au G Hl^{Q) weakly on Q if there exists an / G H^^{Q) 
such that Au = f weakly on Q. 

The Laplacian with Wentzell boundary conditions can be realized in the Sobolev 
space H^. This has been carried out in |FGGUR] Theorem 2.1. We generalize this approach 
for the elliptic operator A. 

Proposition 4.19 Define the operator Ai on H^^{Q) by taking as domain D{Ai) the set 
of all u G HI^{VL) such that Au G Hl^{Vt) weakly on Vl and {B*B{Ti Au) — aTiu) is the 
{aij)-normal derivative of u and letting Aiu = Au for all u G D{Ai). Then —Ai generates 
a holomorphic semigroup on Hl^{Q). 
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Proof Let Uc be the classical form associated with {a,j) (see Theorem 12.51) . Then A 
is associated with the closed sectorial form Uc- Define the operator Aq in H by D{Aq) = 
{w G D{A) : Aw G D{ac)} and Aqw = Aw for all w G D{Ao). Then —Aq generates a 
holomorphic semigroup in the Hilbert space {D{ac), || • WaJ- The map j: Hl^{Q) — )■ D{ac) 
is a isomorphism of normed spaces. Hence the operator —J'^AqJ generates a holomorphic 
semigroup on Hl^{Q). Therefore it suffices to show that Ai = j~^Aoj. 

Let u G Dir'Aoj). Then j{u) G D{A), Aj{u) G 3{Hl^m and Aojiu) = Aj{u). It 

follows from Proposition 14. 171 that Au G L2{^1) weakly on Q and there exists a -0 G L2{T) 
such that {B*iIj — aTr-u) is the (ajj)-normal derivative of u and Aj{u) = {Au,ip). Since 
G j{Hl^{Q)) one deduces that Au G HI,^{VL) and = ^i(M) = {Au,^). In 

particular, -0 = B{Ti Au). Therefore {B* B{Ti Au) — aTiu) is the (ajj)-normal derivative 
of u and u G Then Aiu = Au = j~^AQj{u). Conversely, suppose that u G D{Ai). 

Then j{u) G D{ac) and it follows from Proposition 14.171 that j{u) G with Aj{u) = 

{Au, BTiAu) = j{Au). So j{u) G D{Ao) and w G D(j-Moi). □ 

In case of the Laplacian, i.e. if a^j = dij, the set Q is bounded and Lipschitz, and if B is 
the multiplication operator with a bounded measurable function then -D(^i) is the set 
of all u G H^[Q) such that Au G H^{Q) weakly on Q and the normal derivative satisfies 

^ + \P\^TT(Au) + aTTu = 0. 
ov 

Moreover, Aiu = -Au. Cf. [AMPR] Remark 2.9. 
Acknowledgement 

The authors thank Hendrik Vogt for critical comments on earlier versions of Corollary 12.21 
and Lemma 14. 1[ In addition the authors thank the referee for his careful reading of the 
manuscript and his many improving comments. The first named author is most grateful 
for the hospitality during a research stay at the University of Auckland. Both authors 
highly appreciated the stimulating atmosphere and hospitality at the University of Torun 
in the framework of the Marie Curie 'Transfer of Knowledge' programme TODEQ. 



References 

[Alt] Alt, H.W., Lineare Funktionalanalysis. Springer- Verlag, Berlin etc., 1985. 

[ABHN] Arendt, W., Batty, C, Hieber, M. and Neubrander, F., Vector-valued 
Laplace transforms and Cauchy problems, vol. 96 of Monographs in Mathemat- 
ics. Birhauser, Basel, 2001. 

[ArC] Arendt, W. and Chovanec, M., Dirichlet regularity and degenerate diffu- 
sion. Ulmer Seminare 12 (2007), 7-21. 

[ArE] Arendt, W. and Elst, A.F.M. ter, Gaussian estimates for second order 
elliptic operators with boundary conditions. J. Operator Theory 38 (1997), 
87-130. 



33 



[ArM] Arendt, W. and Mazzeo, R., Spectral properties of the Dirichlet-to- 
Neumann operator on Lipschitz domains. Ulmer Seminare 12 (2007), 23-37. 

[AMPR] Arendt, W., Metafune, G., Pallara, D. and Romanelli, S., The 
Laplacian with Wentzell-Robin boundary conditions on spaces of continuous 
functions. Semigroup Forum (2003), 0F1-0F15. 

[ArT] Arendt, W. and Thomaschewski, S., Local operators and forms. Positivity 
9 (2005), 357-367. 

[ArW] Arendt, W. and Warma, M., The Laplacian with Robin boundary condi- 
tions on arbitrary domains. Potential Anal. 19 (2003), 341-363. 

[Dan] Daners, D., Robin boundary value problems on arbitrary domains. Trans. 
Amer. Math. Soc. 352 (2000), 4207-4236. 

[DaL] Dautray, R. and Lions, J.L., Analyse mathematique et calcul numerique 
Vol. 5. Masson, Paris, 1988. 

[ERS] Elst, a. P.m. ter, Robinson, D.W. and Sikora, A., Small time asymp- 
totics of diffusion processes. J. Evol. Equ. 7 (2007), 79-112. 

[ERSZl] Elst, A. P.M. ter, Robinson, D.W., Sikora, A. and Zhu, Y., Dirichlet 
forms and degenerate elliptic operators. In Koelink, E., Neerven, J. VAN, 
Pagter, B. de and Sweers, G., eds.. Partial Differential Equations and 
Functional Analysis, vol. 168 of Operator Theory: Advances and Applications. 
Birkhauser, 2006, 73-95. Philippe Clement Festschrift. 

[ERSZ2] Elst, A. P.M. ter, Robinson, D.W., Sikora, A. and Zhu, Y., Second- 
order operators with degenerate coefficients. Proc. London Math. Soc. 95 (2007), 
299-328. 

[FGGR] Pavini, A., Goldstein, G.R., Goldstein, J. A. and Romanelli, S., The 
heat equation with generalized Wentzell boundary condition. J. Evol. Eq. 2 
(2002), 1-19. 

[PGGOR] Pavini, A., Goldstein, G.R., Goldstein, J. A., Obrecht, E. and Ro- 
manelli, S., The Laplacian with generalized Wentzell boundary conditions. 
In Iannelli, M. and LUMER, G., eds., Evolution equations: applications to 
physics, industry, life sciences and economics (Levico Terme, 2000), vol. 55 
of Progr. Nonlinear Differential Equations AppL, 169-180. Birkhauser, Basel, 
2003. 



[HiL] HiRSCH, P. and Lacombe, G., Elements of functional analysis, vol. 192 of 
Graduate Texts in Mathematics. Springer- Verlag, 1999. 

[Kat] Kato, T., Perturbation theory for linear operators. Corrected printing of the 
second edition, Grundlehren der mathematischen Wissenschaften 132. Springer- 
Verlag, Berhn etc., 1980. 



34 



[Lio] Lions, J.L., Equations differentielles operationnelles et problemes aux limites, 

vol. Ill of Grundlehren der matlicmatische Wissenschaften. Springer- Verlag, 
Berlin, 1961. 

[MaR] Ma, Z.M. and Rockner, M., Introduction to the theory of (non symmetric) 
Dirichlet Forms. Universitext. Springer- Verlag, Berlin etc., 1992. 

[Nec] Necas, J., Les methodes directes en theorie des equations elliptiques. Masson 
et Cie, Editeurs, Paris, 351. 

[Ouh] OUHABAZ, E.-M., Analysis of heat equations on domains, vol. 31 of London 
Mathematical Society Monographs Series. Princeton University Press, Prince- 
ton, NJ, 2005. 

[Siml] Simon, B., Lower semicontimiity of positive quadratic forms. Proc. Roy. Soc. 
Edinburgh Sect. A 79 (1977), 267-273. 

[Sim2] , A canonical decomposition for quadratic forms with applications to mono- 
tone convergence theorems. J. Funct. Anal. 28 (1978), 377-385. 

[Tan] Tanabe, H., Equations of evolution. Monographs and Studies in Mathematics 
6. Pitman, London etc., 1979. 

[VoV] VOGT, H. and VoiGT, J., Wentzell boundary conditions in the context of 
Dirichlet forms. Adv. Differential Equations 8 (2003), 821-842. 



35 



